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Introduction

This chapter discusses different aspects of mixing in groundwater, and reports approaches for the description and quantification of mixing in heterogeneous media.
Mixing may be characterized as a process that leads to the homogenization of heterogeneous concentration distributions, the dilution of concentrated solutions. Thus,
it may help to attenuate water contamination through the decrease of maximum contaminant concentrations. On the other hand, mixing may compromise groundwater
quality through the blending of freshwater and brackish water in coastal aquifers, for
example. The blending of waters with different chemical signature plays a central role
for for the quantification of chemical reactions because it brings segregated species into
contact.
Another aspect of mixing is its role for the understanding and interpretation of
observed non-Fickian, or anomalous transport behaviors, which are discussed in Chapter 27. Classical transport approaches based on Fick’s law assume that a smallest
length scale exists (the representative elementary volume of the continuum transport
description), on which concentration may be characterized by a single value, and that
local scale concentration changes are attenuated on time scales much smaller than the
observation characteristic observation time. This means, the system is assumed to be
in local physical equilibrium. The relaxation times scales are determined by the local
scale mixing mechanisms. On a macroscopic support scale in heterogeneous media, the
relaxation time scales may be of the order of or larger than the observation time. Thus,
the requirement of physical equilibrium is in general not met for macroscopic trans-
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port descriptions in terms of an average concentration, which invalidates the Fickian
paradigm and leads to non-Fickian transport phenomena.
While for homogeneous media under uniform and constant flow conditions, solute
mixing is due to local scale dispersion, for heterogeneous media this is different. The
spatial heterogeneity of the field leads to stretching and folding of the solute plume. At
times that are smaller than the mass transfer time over a typical heterogeneity scale,
these mechanisms increase the solute spread but not the mixing of the solute (e.g.,
Kitanidis, 1994). Thus, for heterogeneous media, the processes of spreading and mixing
need to be separated (Figure 27.1). Both processes are of course closely coupled.
The concentration contrasts that are generated by the spread of the solute enhance
mass transfer due to diffusion and local dispersion and thus lead to enhanced mixing
(Le Borgne et al., 2011).
As a consequence, incomplete mixing at the support scale indicates that transport
cannot be fully characterized by an average concentration, which does not reflect the
spectrum of concentration values. Specifically, concentration values at the support
scale are not unique, concentration point values may be considered uncertain. Thus,
the notion of incomplete mixing plays a certain role in the quantification of uncertainty
in heterogeneous media, which is discussed in detail in Chapter 22.
Local scale concentration variability, incomplete mixing, and segregation have a
significant impact on the quantification and estimation of chemical reaction rates. The
segregation of reacting species dues to spatial heterogeneity in general reduces the
reaction efficiency. On the other hand, reactions may be enhanced due to the creation of
concentration contrasts in heterogeneous flows and subsequently increases mixing rates.
The following Chapter 29 discusses the upscaling of reaction rates in heterogeneous
media.
This chapter wants to introduce into classical and advanced concepts for the characterization, description and quantification of mixing in heterogeneous media, having

3

mixing scale

spreading scale

Figure 27.1: Concentration field in a heterogeneous velocity field, illustrating the different between the spreading scale, which describes the spatial extent of the plume,
and the mixing scale that quantifies the scale at which solutes can be assumed to be
fully mixed.
in mind the phenomena and application briefly summarized above. The next section
discusses the concept of dispersion as a process model for the quantification of mixing and spreading of a dissolved substance. We discuss and summarize its foundation
on different length scales and its shortcomings for the quantification of solute mixing.
Section 27.3 reports on ways to describe and characterize the mixing state and the
mixing dynamics of a transport system. These mixing measures give insight into the
mechanisms of mixing, but are more of descriptive nature and do not provide a way
of quantifying them in terms of the transport and heterogeneity mechanisms. These
issues are addressed in Section 27.4, which reports on an approach to quantify the
mixing process from first principles. It is based on the understanding that the mixing
process is governed by the deformation of material fluid elements, which shapes the
spatial distribution of a dissolved substance into a lamellar structure, and the homogenization of this lamellar structure due to coalescence. This theme is continued in
Section 27.5, which gives an overview of chaotic mixing, the conditions under which
4

it can occur, the quantification of its mechanisms, its meaning for the understanding
of mixing and dispersion processes in groundwater, and strategies to enhance mixing
in groundwater flows. Section 27.6 discusses mixing in the light of fast chemical reactions, in heterogeneous media and flows, and how they may be quantified based on the
concepts discussed in this chapter.

27.2

Dispersion

The classical concept for the characterization of mixing in heterogeneous media is dispersion, which is motivated by solute mixing due to molecular diffusion in a fluid at
rest. In a fluid at rest, molecular diffusion is the mechanism that mixes a dissolved
substance into the ambient fluid, increases the volume occupied by the solute and
decreases the maximum concentration, i.e., dilutes the solution, and attenuates concentration contrast, i.e., homogenizes the mixture. Diffusion models the impact of
erratic microscopic velocity fluctuations due to thermal fluctuations on the spreading
and mixing of a solute. In analogy, the impact of velocity fluctuations due to medium
and flow heterogeneity has been modeled by the concept of dispersion (Dagan, 1987;
Weiss and Provenzale, 2008; Rubin, 2003). In the following, we briefly revisit the dispersion concept for modeling solute transport in heterogeneous media, and discuss its
validity and meaning in the context of solute mixing.

27.2.1

Taylor Dispersion

One of the most prominent examples for the impact of velocity fluctuations on solute transport is certainly Taylor dispersion in the parabolic velocity field through a
channel (Taylor, 1953). It approximates the velocity distribution in a single pore, or a
single fracture. Studying the evolution of solute transport in these idealized geometries
provides quite some insight into the mixing and dispersion processes, and the relevant
time and length scales, in a heterogeneous flow field.

5

Figure 27.2: Solute plumes evolving from a line injection for D = 102 , u0 = 1 at times
10−2 , 1, 10 and 100.
Flow is described by the Stokes equation, whose solution for a constant pressure
drop is given by the Hagen-Poiseuille profile


r2
v(r) = v0 1 − 2 ,
a

(27.1)

where v0 is the maximum velocity at the channel center, and a is its radius and r the
radial position with the channel. The mean flow velocity over the cross-section is given
by vm = v0 /2 in d = 3 spatial dimensions, and vm = 2v0 /3 for d = 2. Transport in the
channel is described by the advection-diffusion equation
∂c(x, t)
∂c(x, t)
+ v(r)
− D∇2 c(x, t) = 0,
∂t
∂x1

(27.2)

where D is the molecular diffusion coefficient.
The mixing and dispersion properties of a solute can be understood in terms of the
characteristic time and length scales of the system. The diffusion length over a time t
√
is given by `D = 2Dt, while the characteristic advection length is given by `v = vm t.
6

2
, which marks the time
Setting `D = `v , we obtain the characteristic scale τv = 2D/vm

at which advective and diffusive displacements are equal. The characteristic time scale
for complete mixing over the channel cross-section and is given by τD = 2a2 /D because
diffusion is the only mass transfer mechanism perpendicular to the flow direction. The
p
Péclet number P e = avm /D = τD /τv compares longitudinal advective and transverse
diffusive mass transfer.
The dispersion of a solute can be measured in terms of the apparent longitudinal
dispersion coefficient, which is defined as half the rate of change of the longitudinal
second centered moment of the concentration distribution c(x, t) as (Aris, 1956)
(Z
2 )
Z
d
1
dxx1 c(x, t)
.
(27.3)
dxx21 c(x, t) −
Da (t) =
2 dt
At times t  τv , the typical diffusive displacement is larger than the advective, and
therefore diffusion is the dominant transport mechanism. The apparent dispersion
coefficient is equal to the diffusion coefficient Da (t) ≈ D as illustrated in Figure 27.3,
and the concentration profile is dominated by diffusion, see Figure 27.2. For t  τD ,
the solute has sampled the full velocity spectrum across the channel. In this regime, the
concentration distribution is uniform across the channel, while its longitudinal profile
is given by a Gaussian distribution whose width can be characterized by a constant
apparent dispersion coefficient. Its value can be quantified in terms of the characteristic
displacement during the time τD , which is given by δvτD with δv the characteristic
velocity fluctuations experienced by the solute. They are of the order of the mean
2
velocity, δv ∼ vm , which gives for the Taylor dispersion coefficient Dt ∼ vm
τD =
2 2
vm
a /D. The exact value of the Taylor dispersion coefficient is Dt =

d = 2, and Dt =

1 2 2
v a /D
48 m

2 2 2
v a /D
105 m

for

in d = 3 spatial dimensions (Taylor, 1953; Aris, 1956).

It is obtained from the apparent dispersion coefficient (27.3) in the limit t → ∞,
Dt = limt→∞ Da (t).
Thus, at small times, solute mixing is quantified in terms of diffusion, while at
asymptotic times, Taylor dispersion coefficient quantifies and mixing due to to the
7
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Figure 27.3: Temporal behavior of the apparent dispersion coefficient for P e = 102 in
d = 2 dimensions.
combined effect of velocity fluctuations and diffusion. Specifically, at asymptotic times,
solute transport is governed by the advection-dispersion equation (Taylor, 1953)
ĉ(x1 , t) + vm

∂ 2 ĉ(x1 , t)
∂ĉ(x1 , t)
− Dt
= 0,
∂x1
∂x21

(27.4)

where c(x, t) = ĉ(x1 , t)A−1 with A the area of the channel cross section.
In the intermediate time regime τv  t  τD , which is realized for large Péclet
numbers P e  1, the mixing and spreading dynamics are different. This regime is characterized by incomplete solute mixing across the channel as illustrated in Figure 27.2
for an extended source distribution. At times t > τv , the spatial velocity contrast starts
to deform the initially planar solute distribution. Rapid solute transport in the center
of the channel and decreasing flow velocity towards the channel boundaries leads to
stretching of the planar source distribution, and thus to enhanced, purely advective
solute spreading. This ballistic spreading motion gives rise to a linear increase of the
apparent dispersion coefficient as illustrated in Figure 27.3. Thus, the apparent dispersion coefficient in this regime does not quantify solute mixing, but rather the reversible
advective spreading of the initially planar solute distribution. Or in other words, it
8

3000
concentration

concentration

2500
2000
1500
1000
500
0
9.9

9.95

10
x1

10.05

10.1

9.5

25
20

concentration

concentration

140
120
100
80
60
40
20
0

15
10
5
0
10 12 14 16 18 20 22
x1

10

10.5
x1

11

11.5

3.5
3
2.5
2
1.5
1
0.5
0
-0.5
20

40

60

80

100

120

x1

Figure 27.4: Vertically integrated solute concentration at times 10−2 , 1, 10 and 100.
measures the rate by which the source distribution is stretched in longitudinal direction. Volume conservation implies compression of the material plane perpendicular to
the stretching direction, which in turn leads to enhanced concentration contrasts and
thus diffusive mass transfer and solute mixing. This mixing action, however, is not
quantified by the apparent dispersion coefficient (27.3).
Let us consider some additional aspects of the incomplete mixing across the channel
in the intermediate time regime. The lack of vertical equilibrium implies that concentration cannot be uniquely characterized by a single value ĉ(x1 , t) at a longitudinal
position x1 as in the asymptotic regime, but rather by a distribution of concentration
values, which can be characterized by the concentration probability density function
(PDF). The concentration PDF evolves in time as a result of solute mixing, which is
a feature that is discussed in more detail in Section 27.3. As a consequence, one finds
that cross-sectionally averaged concentration profiles are characterized by a long dilute
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trailing tail and a steep and less dilute leading edge, see Figure 27.4. Such spatial features of average large scale solute plume, are often termed anomalous or non-Fickian
because they do not adjust themselves to advection-dispersion models such as the
asymptotic equation (27.4). Thus, incomplete mixing at preasymptotic times results
in cross-sectional concentration variability, which evolves due to deformation enhanced
solute mixing, and manifests itself in non-Fickian average transport behavior. This
behavior is an expression of non-equilibrium on the support scale, which here is given
by the channel cross-section. The basic mechanism that lead to these phenomena are
the same for heterogeneous porous media on larger scales as discussed below. Also, it
is interesting to notice that the mechanism that lead to non-equilibrium and concentration variability, namely spatial and temporal velocity fluctuation, are the ones that
asymptotically lead to scale effects in effective transport coefficients as quantified here
by the asymptotic Taylor dispersion coefficient. This is an expression of the fluctuation
dissipation theorem (Kubo et al., 1991).

27.2.2

Hydrodynamic Dispersion

Hydrodynamic dispersion accounts for the impact of porescale velocity fluctuation on
asymptotic solute spreading and mixing. As pointed out above, the basic fluctuation
mechanisms that lead to local non-equilibrium, enhanced solute mixing, and asymptotically to a renormalization of transport parameters are essentially the same for porous
media as for channel flow, while the process details are different and depend on medium
geometry and flow and transport regimes. In a porous medium, the characteristic pore
length `p gives a characteristic correlation scale for the fluctuations of the pore velocity
v(x). Notice that unlike for transport in a channel, in porous media flow velocities
vary in direction of the pressure gradient, which implies a quantitative difference in
the asymptotic hydrodynamic dispersion coefficients. The advection time scale here
is defined by τv = `p /vm , the characteristic time for longitudinal advection over a
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pore length `p , while diffusion time over a pore length is given by τD = `2p /D. The
Péclet number is here defined by P e = τD /τv = vm `p /D, which here compares This
allows to obtain a rough estimate for the effect of pore-scale velocity fluctuations on the
dispersion behavior of a solute. For advection-dominated transport, i.e., large Peclet
numbers, the typical spread of the solute distribution after a few pore length is given
by square distance traveled during the advection time, (vm τv )2 per advection time τv .
This gives for the hydrodynamic dispersion coefficient Dh ∼ vm `p , it is independent on
diffusion. Specifically, the dimensionless dispersion coefficient Dh /D ∼ P e. The Taylor
dispersion coefficient, in contrast, is inversely proportional to the diffusion coefficient,
and therefore Dt /D ∼ P e2 .
In general, it is found in pore-scale experiments and flow and transport simulations (Pfannkuch, 1963; Sahimi, 2011; Bijeljic and Blunt, 2006) that the longitudinal
hydrodynamic dispersion coefficient depends non-linearly on the Péclet number. For
P e < 1, this means for diffusion dominated scenarios, Dh /D ≤ 1 because diffusion
is restricted by the solid matrix. For increasing P e > 1, it has been found that
Dh /D ∼ P e1.2 . This scaling has been related by Bijeljic and Blunt (2006) to the
distribution of pore velocities within a continuous time random walk (CTRW) approach for the modeling of solute and particle transport. For P e > 400, this means
in advection dominated scenarios, the longitudinal hydrodynamic dispersion coefficient
behaves as Dh /D ∼ P e, as motivated above. The quantification of hydrodynamic dispersion coefficients in porous media has been subject of intense research. It has been
approached through volume averaging (e.g., Whitaker, 1999) and homogenization theory (e.g., Hornung, 1997), moment methods (e.g., Brenner, 1980), as well as numerical
porescale models (e.g., Meakin and Tartakovsky, 2009).
As discussed in detail in the previous section for the example of dispersion in a channel, hydrodynamic dispersion is an asymptotic concept that quantifies solute mixing
if the support scale can be considered well mixed. The support scale can be identi-
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fied here with the representative elementary volume (REV) (Bear, 1972). The REV
scale is chosen such that bulk characteristics like porosity, the ratio between void and
solid space, can be well defined1 . Thus, the mixing time, or relaxation time scale towards local equilibrium here is given by the diffusion time over the REV scale. At
preasymptotic times, and on scales below the REV, hydrodynamic dispersion is not an
adequate process concept for the quantification of solute mixing (Tartakovsky et al.,
2008b; Battiato et al., 2009; de Anna et al., 2013).

27.2.3

Macrodispersion

Macrodispersion quantifies the impact of Darcy scale velocity fluctuations on asymptotic solute spreading and mixing. Velocity fluctuations are induced by spatial variability in hydraulic conductivity K(x). It is typically assumed that mass transfer on
the support scale (REV) is fast compared to the observation time scales so that solute
transport can be described by the advection dispersion equation
φ

∂c(x, t)
+ ∇ · q(x)c(x, t) − ∇ · D∇c(x, t) = 0,
∂t

(27.5)

where φ denotes porosity, q(x) the Darcy velocity and D hydrodynamic, or local scale
dispersion, which in general is a function the local flow velocity (Bear, 1972), as indicated in the previous section.
Hydraulic conductivity is frequently modeled as a stationary lognormally distributed random field, which can be characterized by the mean and covariance of
loghydraulic conductivity f (x) = ln K(x) (Dagan, 1989; Gelhar, 1993; Rubin, 2003).
The stochasticity of K(x) is mapped onto the Darcy velocity v(x) via the Darcy equation. The characteristic length scale is thus given by the correlation scale `c of f (x).
The advection time scale is now determined by the correlation scale and the mean Darcy
velocity qm as τq = `c /qm . The characteristic dispersion time scale is τD = `2c /D with D
1

Note that the REV concept does not apply for media characterized by fractal pore size distributions because of the lack of a characteristic pore size.
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Figure 27.5: Illustration of the difference between the ensemble and effective measures
for the plume width. The figures shows three plumes evolving from point-injections
along the line at x1 = 10 at time t = 5τq in 3 different realizations of a heterogeneous
flow field.
a dispersion coefficient. The Péclet number is given by P e = τD /τq = `c qm /D. Similar
as for the estimation of the hydrodynamic dispersion coefficient in the limit of large
P e, we can approximate the asymptotic macrodispersion coefficient in terms of the
characteristic displacement scale `c and time τq . Thus, we obtain Dm ∼ `2c /τq = `c qm .
Using a stochastic approach, Gelhar and Axness (1983) derived for the longitudinal
macrodispersion coefficient in the limit of large Péclet numbers the perturbation theory expression
DLm = σf2f qm `c ,

(27.6)

where σf2f is the variance of the log-hydraulic conductivity field. This expression is
obtained through a first-order perturbation expansion in σf2f . The transverse disper-
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sion coefficient turns out to be of the order of the local dispersion coefficient in this
approximation. In complete analogy to the discussions in the previous sections, the
constant macrodispersion coefficient describes solute mixing and dispersion only at
asymptotic time and length scale, at which the support scale, which is of the order of
the correlation length `c is well mixed.
Macroscopic dispersion coefficients can be defined by the method of moments (e.g.,
Aris, 1956) in terms of the rate of change of the variance of the solute distribution. In
the framework of stochastic modeling, we can distinguish the spatial variance of the
ensemble average concentration and the average over the variance in a single medium
realization. The ensemble variance κens
ij (t) quantifies extension of the average concentration hc(x, t)i,
κens
ij (t)

Z
=

Z
dxxi xj hc(x, t)i −

Z
dxxi c(x, t)

dxxj hc(x, t)i,

(27.7)

and its temporal change is defined as the ensemble dispersion coefficients
ens
Dij
(t) =

1 dκens
ij (t)
.
2 dt

(27.8)

Ensemble dispersion measures the spreading of the average plume. As illustrated
in 27.5, in addition to the spreading of the individual plumes, it quantifies an artificial
spreading effect due to variability in the center of mass positions between different
plume realizations. The center of mass positions in individual medium realizations
evolve on the advection scale τq which is the characteristic time after which velocity
changes along a streamline. Thus, it sets the spreading time scale between different
plume realizations, or in other words, for the sample to sample fluctuations of the center of mass positions. Consequently, the ensemble dispersion coefficients (27.8) evolve
in time (Dagan, 1988) on the advection time scale τq .
In general, the ensemble dispersion coefficients overestimate the dispersion and mixing, but also the plume spreading behavior in single medium realizations. To overcome
this limitation, alternative dispersion concepts have been proposed (e.g. Kitanidis,
14
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Figure 27.6: Illustration of the longitudinal effective versus ensemble dispersion coefficients for σf2f = 1 and P e = 102 .
1988; Dagan, 1990, 1991; Fiori and Dagan, 2000; Dentz et al., 2000; Dentz and de Barros, 2013), which are based on averaging the spatial variances of the solute plume in
individual medium realizations. The second centered moments of the concentration
distribution in a single medium realization is
Z
Z
Z
κij (t) = dxxi xj c(x, t) − dx dx0 xi x0j c(x, t)c(x0 , t).

(27.9)

The ensemble average over the single realization variance is a measure for the typical
spreading and dispersion of single solute plume, see Figure 27.5. It defines the effective
f
second centered moment κef
ij (t) = hκij (t)i. The difference between the ensemble and

effective variances quantifies the rate of change of the variance of the center of mass
fluctuations between realizations (Batchelor, 1949, 1952; Kitanidis, 1988). The effective
dispersion coefficients are defined as half the temporal rate of change of the effective
second centered moments
ef f
Dij
(t) =

1 dκef f (t)
.
2 dt

(27.10)

For P e  1 and σf2f < 1, the longitudinal ensemble and effective dispersion coefficients can be approximated for a point-source by the compact expressions (Dentz
15

et al., 2000)
π 2
σ qm `c erf(t/τq ),
2 ff
r
h
i
d−1
π 2
=
σf f qm `c 1 − (1 + 4t/τD )− 2 .
2

ens
D11
=
ef f
D11

r

(27.11)
(27.12)

Their temporal evolution is contrasted in Figure 27.6. As pointed out above, the
ensemble dispersion coefficient evolves on the advection scale τq , the variability scale of
the center of mass fluctuations. The effective dispersion coefficients, in contrast evolve
on the dispersion scale τD = `2c /D, which marks the scale after which a volume of the
size of the heterogeneity correlation scale may be considered well mixed, or in other
words, the time scale after which a solute particle samples a representative part of the
heterogeneity spectrum. At early times t < τq , the effective dispersion coefficient is
of the order of the local dispersion coefficient because the medium looks homogeneous
below a travel distance smaller than a correlation length. For times larger than τq , the
solute plume is exposed to flow heterogeneity. Concentration gradients are created due
to the stretching and compression of the material elements the mixture is transported
on.
Similarly as for the case of dispersion in a pipe or channel discussed above, also here
the transport behavior at preasymptotic times is pronouncedly non-Fickian and cannot be quantified by an equivalent advection-dispersion model (Cushman et al., 1994;
Neuman, 1993; Berkowitz and Scher, 1998). This non-Fickian behavior can again be
attributed to the lack of incomplete mixing on the support scale of the macroscopic
transport model. Non-Fickian and anomalous transport is discussed in detail in Chapter 27.

27.2.4

Blockscale Dispersion

Both ensemble and effective dispersion coefficients pertain to a fully homogenized heterogeneous formation. As discussed in the aforementioned paragraphs, these coefficients converge to the macrodispersion value for large times or when the characteristic
16

length scale of the initial solute plume is large compared to the conductivity correlation scale. The scale of the injection zone plays a fundamental role in applicability of
macrodispersion coefficients and in controlling the uncertainty of the spreading behavior of the solute plume (Dagan, 1991; de Barros and Rubin, 2011).
Within the context of applications, numerical methods are employed to predict
flow and transport at the field scale. Most flow and transport simulators are based on
discretization based methods (e.g. finite difference or finite elements) and the modeler
needs to specify the dimensions of the numerical grid block. The size of the numerical
grid block will depend on the computational resources available (Leube et al., 2013) and
on the measurement grid used for site characterization purposes (Beckie, 1996; Beckie
et al., 1996). A fine numerical grid will imply a heavy computational burden (specially
when dealing with Monte Carlo). At the same time, due to the high costs associated
with field data acquisition, the sampling grid is coarse. Therefore, large numerical
grid blocks are used which wipes out the small scale variability of the flow field. As a
consequence, the macrodispersion tensor must account for the spatial variability that
is not explicitly represented on the numerical grid.
To compensate for the effects of subgrid variability on the macrodispersion coefficient, Rubin et al. (1999) developed the concept of block-effective macrodispersion.
The method consists of applying a high-pass filter to incorporate the effects of the
wiped out heterogeneity on the macrodispersion tensor while removing the variability
captured directly on the numerical grid of a characteristic size λb .
To better illustrate the concept, the impact of the block scale on the ensemble
dispersion coefficient is depicted in Figure 27.7. The curves shown in Figure 27.7
are based on semi-analytical expressions reported in Rubin et al. (1999, 2003) for
a planar heterogeneous flow field with a Gaussian covariance function under purely
advective transport (P e → ∞). The solution plotted in Figure 27.7 is limited to
weakly heterogeneous media (i.e., σf2f < 1).
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Figure 27.7: Illustration of temporal evolution of the longitudinal ensemble dispersion
for different block sizes λb . Results obtained for σf2f = 1, and P e = ∞.
As seen in Figure 27.7, the block scale λb has a significant role in controlling the
temporal evolution of the ensemble dispersion coefficient (27.8). As λb increases, more
flow variability is being homogenized which needs to be compensated in the ensemble dispersion coefficient. Therefore, larger λb leads to larger dispersion values and
increases the time to reach its large time limit (e.g. macrodispersion). On the other
hand, a smaller λb means that less variability is being homogenized by the numerical
block and therefore, will lead to smaller macrodispersion values. Additional discussion
related to the joint effect of block scale and plume scale on the statistical characterization of the plume spreading behavior is provided in uncertainty of block effective
dispersion coefficient (de Barros and Rubin, 2011).

27.2.5

Limits of the Dispersion Concept

The upscaling of macroscale dispersion and spreading processes is important to predict
the spatial extent and residence times of contaminant plumes. However, it is not
sufficient to predict reactive processes that depend non-linearly on the distribution of
concentrations within the plume. In fact, the spatial extent of a mixture does not
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tell much about its content, but rather its average concentration. The knowledge of
the spreading properties alone is insufficient to quantify mixing (e.g., Kitanidis, 1994;
Dentz et al., 2011; Le Borgne et al., 2011), because it does not contain information
on the distribution of concentration distribution point values, and the local spatial
structure of the concentration field in the medium, i.e., of the concentration gradients,
see also Figure 27.1. Mixing processes in porous media are particularly important for
controlling fluid-fluid as well as fluid-solid chemical reactions (e.g. Cirpka and Valocchi,
2007; Cirpka et al., 2008b; Rolle et al., 2009; Dentz et al., 2011; de Anna et al., 2014b).
Fast dissolution or precipitation processes, for instance, are triggered by the mixing of
waters of different chemical composition (e.g. De Simoni et al., 2005; Tartakovsky et al.,
2008a). Different mixing measures have been studied to investigate these processes in
porous media (Kitanidis, 1994; Fiori and Dagan, 2000; Fiori, 2001; Bolster et al., 2011;
Le Borgne et al., 2010; Chiogna et al., 2012; de Barros et al., 2012). In the next
section, we discuss a series of mixing measures that quantify the mixing state and
mixing dynamics of a system in terms of the evolution of concentration heterogeneity.

27.3

Mixing Measures

Mixing, or the incomplete mixing of a segregated solutes may be characterized by the
variability of concentration values, the attenuation of concentration contrasts, and the
decrease of maximum concentrations, for example. This section report on measures
of mixing, both for the mixing state and mixing dynamics, in terms of the entropy of
mixture, the evolution of the concentration variance, and the characterization of the
probability density function of concentration point values.
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27.3.1

Concentration Entropy and the Dilution Index

Concentration variability in a heterogeneous mixture can be characterized globally by
its entropy. It is defined in terms of the normalized concentration as (Kitanidis, 1994)
Z

Z
H(t) = −

dxp(x, t) ln[p(x, t)],

p(x, t) = c(x, t)

dxc(x, t) .

(27.13)

As can be seen by a simple dimensional consideration, entropy H(t) measures the
logarithm of the volume occupied by the solute. As such, its exponential, the dilution
index
E(t) = exp [H(t)] .

(27.14)

quantifies the volume occupied by the solute, or the mixing volume. Kitanidis (1994)
introduced the dilution index to characterize the mixing state and mixing evolution in
a heterogeneous mixture. For a given spatial concentration variance and center of mass
position, entropy H(t) and thus the dilution index E(t) are maximized by a Gaussian
distribution. This means that a characterization of solute mixing in terms of macrodispersion coefficients as discussed in the previous section, may significantly overestimate
the actual mixing state of a heterogeneous mixture. As illustrated in Figure 27.5,
the spatial concentration distribution is generally non-Gaussian and characterized by
lacunarity and sharp concentration contrasts, unlike smooth Gaussian distributions.
The global mixing dynamics can be quantified in terms of the temporal change of
H(t). For advective-dispersive transport as described by (27.5), the entropy evolution
is given by
dH(t)
1
=
dt
φ

Z

dx
[∇p(x, t)D∇p(x, t)] .
p(x, t)

(27.15)

This expression reflects the attenuation of concentration contrast, ∇p(x, t), due to local
scale diffusive and dispersive mass transfer expressed by D. In the absence of dispersion
and diffusion, that is, in the absence of local scale mixing mechanisms, entropy does not
evolve and remains at its initial value. As we will see in the next section, the expression
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in the square brackets denotes the local scalar dissipation rate, which quantifies the
velocity by which concentration variance is destroyed.

27.3.2

Concentration Variance and Scalar Dissipation

In the previous section, global concentration variability was characterized using the
concept of concentration entropy. Another natural measure of concentration variability
is the variance of its fluctuations c0 (x, t) around the mean concentration hc(x, t)i2 .
Thus, a global concentration variance σc2 may be defined as
σc2 (t)

Z
=

dd xhc0 (x, t)2 i.

(27.16)

Under the assumption that local scale transport is governed by (27.5), one obtains
the following evolution equation for the concentration variance (Kapoor and Kitanidis,
1998)
2
dσc2 (t)
=−
dt
φ

Z

dd x [h∇c0 (x, t) · D∇c0 (x, t)i − ∇hc(x, t)i · Dm ∇hc(x, t)i] .

(27.17)

It is assumed here that the average concentration evolves according to an advectiondispersion equation characterized by macrodispersion. Equation (27.17) can be seen as
a balance equation for concentration variance. The first term represents the dissipation
mechanism we encountered in (27.15) for the evolution of entropy. It is termed the
scalar dissipation rate and as such quantifies the rate by which concentration variance
is destroyed. The second term is given in terms of the mean concentration and the
macrodispersion coefficients. It is positive and therefore represents the generation of
concentration variance. As discussed in Section 27.2, apparent dispersion coefficients,
or macrodispersion coefficients quantify at preasymptotic times the deformation of
an initial concentration distribution, and thus the creation of concentration contrast
variance.
2

Mean concentration here may refer to spatial or stochastic concentration averages.
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In equation (27.17), we identify the scalar dissipation rate
Z
χ(t) = dxh∇c0 (x, t) · D∇c0 (x, t)i,

(27.18)

which quantifies the elementary mass transfer mechanisms that lead to fluid mixing,
namely the creation of concentration gradients and their attenuation by diffusion (e.g.,
Kapoor and Anmala, 1998; Kapoor and Kitanidis, 1998; Fiori and Dagan, 2000; Fedotov
et al., 2005; Warhaft, 2000; Bolster et al., 2011). which depends on the local scale
concentration fluctuations. The scalar dissipation also plays a key role in the effective
kinetics of mixing induced chemical reactions, as discussed in the following section.
The temporal evolution of the scalar dissipation rate for transport in heterogeneous
permeability fields was investigated in (Le Borgne et al., 2010), for permeability field
2
2
= 9) heterogeneity.
= 0.01) to very strong (σlnK
variances ranging from very weak (σlnK

For an initial pulse line injection, moderate and strong heterogeneity was found to
induce an anomalous temporal scaling of the scalar dissipation rate as χ(t) ∼ t−α for
α ≥ 3/2, compared to the Fickian scaling χ(t) ∼ t−3/2 for a homogeneous medium.
This is illustrated in Figure 27.8). Thus it is clear that the use of a constant macroscopic
dispersion coefficient cannot be used as an operational concept for mixing.
The closure of equation (27.17) requires an expression for χ(t), which depends on
the local concentration gradients. The latter may be approximated as |∇c0 (x, t)| ≈ c0 /s
with s a characteristic gradient scale. Thus, the scalar dissipation rate can be approximated as χ(t) ≈ ησc2 , which represents scalar dissipation to a first-order degradation
kinetics that is characterized by the rate η ≈ D/s2 . This means, the dissipation rate
is inversely proportional to the characteristic gradient scale. This closure approximation is known in the context of the interaction by exchange with the mean (IEM)
model (Villermaux and Devillon, 1972), which models the evolution of the probability
density function (PDF) of concentration values in a heterogeneous mixture, see also
below. This closure has been applied for the prediction of concentration variance in
heterogeneous porous media (Kapoor and Kitanidis, 1998; De Dreuzy et al., 2012), but
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Figure 27.8: Temporal evolution of the scalar dissipation rate measured from numerical
simulations of transport in heterogeneous permeability fields for an initial line injection
perpendicular to the main flow direction (after Le Borgne et al., 2010).
was found not to be predictive for a constant rate η. Alternative closure approximations
can be found in the textbook by Pope (2000).
The gradient scale s defines the variability scale of concentration, or in other words,
for distance smaller than s, concentration may assumed to be uniform. As such it can
be seen as a homogenization or coarse-graining scale for the heterogeneous concentration field (Villermaux and Duplat, 2006; Le Borgne et al., 2011). The evolution of
this concentration microscale scale is governed by the deformation of material fluid
elements, this mean, flow heterogeneity and diffusive or dispersive mass transfer. As
we will see in the following, the understanding of the dynamics of the concentration
microscale is fundamental for a mechanistic understanding of the mixing process in
terms of the flow heterogeneity.
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27.3.3

The Concentration PDF and Mixing Models

The mixing state and the mixing dynamics of a system have been characterized above
in terms of the entropy (27.13) of the concentration distribution, and the concentration variance (27.16). We have seen that mixing affects the variability of concentration
values. The pointwise concentration variability can be characterized by the concentration probability density function (PDF). It may be defined by spatial sampling of
concentration values in a volume V as
1
p(c, x, t) =
V

Z
drδ[c − c(x + r, t)].

(27.19)

V

In the context of a stochastic model it is defined through an ensemble average as
p(c, x, t) = hδ[c − c(x, t)]i3 . The dynamics of mixing are reflected in the evolution of
the concentration PDF. As the heterogeneous mixture evolves towards uniformity under
the combined action of diffusion and advection, the concentration PDF is becoming
sharper and evolves towards a delta distribution that is peaked in the equilibrium
concentration value.
Based on the Darcy scale advection dispersion equation, one obtains the following
evolution equation for the concentration PDF (Pope, 2000)
φ

∂p(c, x, t)
∂
+ ∇ · hq(x)|cip(c, x, t) = − h∇ · D∇c(x, t)|cipc (c, x, t).
∂t
∂c

(27.20)

The angular brackets hA(x, t)|ci denote the average of A(x) conditional on the concentration value c. This PDF equation is not closed precisely because of the conditional
averages. Note that the only term that affects the evolution in c is the one on the right
side of (27.20). It is a central term in the modeling of the evolution of the concentration
PDF. The IEM model, to which we referred above in the context of the evolution of
the concentration variance, provides the following closure approximation
h∇ · D∇c(x, t)|ci ≈
3

η
[c − hc(x, t)i] ,
2

(27.21)

Note that for the sake of simplicity of notation we use the same letter for the sampling variable
and the random variable.
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where η is a parameter that may be related to the dispersion coefficients and the concentration gradient scales. Note that this closure approximation is exact if concentration
and its gradient are jointly Gaussian distributed (Pope, 2000). The evolution equation (27.17) implies furthermore the following closure approximation for the advective
term in (27.20)
∇ · hq(x)|cip(c, x, t) = qm · ∇p(c, x, t) − ∇ · Dm ∇p(c, x, t).

(27.22)

This closure is called macrodispersion closure, or gradient dispersion closure. As outlined above, the IEM closure implicitly assumes that the concentration PDF is Gaussian, which in general is not true for transport in heterogeneous media and heterogeneous flows in general. Approaches to model the impact of diffusion or dispersion on
evolution of the concentration PDF such as the IEM closure are termed mixing models
in the literature (Pope, 2000).
A common alternative approach to model the concentration PDF is to assume
a parametric form such as the Beta distribution (Girimaji, 1991), which can be
parametrized in terms of the concentration moments (e.g., Fiorotto and Caroni, 2002;
Bellin and Tonina, 2007; Tonina and Bellin, 2008; Cirpka et al., 2008b). Other approaches include mapping closures that see to transfer the fluctuations of the flow field
to the concentration distribution (e.g., Chen et al., 1989; Tartakosky et al., 2009; Dentz
and Tartakovsky, 2010; Dentz, 2012) and stochastic mixing models (Valiño and Dopazo,
1991; Fedotov et al., 2005; Bellin and Tonina, 2007; Meyer et al., 2010) to simulate the
stochastic evolution of concentration using surrogate mechanisms, see also Pope (2000)
and Fox (2004) for an overview.
As pointed out above, and expressed in the evolution equation (27.17) the mechanisms leading to mixing are the creation of contrast due to heterogeneous advection
and their attenuation by local scale mass transfer due to diffusion or dispersion. Meunier and Villermaux (2010) have shown that these mechanisms can be quantified from
first principles using the concept of the diffusive strip, or lamellar representation of
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the scalar field (Ranz, 1979). Lamellae are naturally formed due to advective motions as illustrated in Figure 27.9.The mixing process can roughly be separated in two
regimes, a deformation dominated early time regime and a coalescence dominated late
time regime. In the early time regime the concentration field is composed of individual lamellae; mixing is due to the competition of advective deformation of individual
lamellae and dispersive expansion. In the late time regime, the mixing dynamics is
determined by the diffusive aggregation of lamellae: as they are brought close to each
other by the flow dynamics, lamellae coalesce by diffusion to form aggregates composed of a random number of lamellae. The concentration PDF can be determined
from these elementary mechanism combined with the lamellar representation of the
mixture. Le Borgne et al. (2013, 2015) have shown that deformation, dispersion and
coalescence mechanisms, which are concepts that have been developed for mixing in
turbulent and chaotic flows (Duplat and Villermaux, 2008), govern also the evolution of
heterogeneous mixtures in Darcy scale porous media. While the porous media structure
does not deform in general, the ‘frozen’ flow heterogeneity at different scales generates
similar folding and stretching mechanisms as in chaotic or turbulent flows (Metcalfe
et al., 2010b; de Barros et al., 2012; Mays and Neupauer, 2012; Villermaux, 2012),
see Figure 27.9. The understanding of the basic composition rule of the dispersing
mixture provides an analytical description of the overall concentration distribution. In
the following section, we describe the quantification of the deformation and coalescence
mechanisms to determine the concentration PDF for transport in two-dimensional heterogeneous porous media.

27.4

Mixing Mechanisms

As outlined above, the main challenge when dealing with mixing in heterogeneous
porous media flows is that spreading and mixing occur simultaneously, as illustrated
in Figures 27.1 and 27.9. This leads to a range of mixing behaviors (Le Borgne et al.,
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Figure 27.9: Simulated concentration fields c in lognormal permeability fields
(Le Borgne et al., 2015).The concentration fields are shown at times t1 = 12.5τa (proportional to red color intensity) and t2 = 112.5τa (proportional to blue color intensity),
for an initial line injection with uniform concentration c0 = 2 × 10−3 at longitudinal
position x0 = λ, a Péclet number P e = 8×102 and permeability field variances equal to
2
2
a) σln
K = 1 and b) σln K = 4. The plume is transported from left to right with a mean
velocity u and a dispersion length σ(t) increasing with time. c) zoom of the concentration fields at each time with superimposition of a purely advected line (black lines),
initially located at x0 = λ, illustrating the composition of the mixture by stretching
and diffusive coalescence (Le Borgne et al., 2013).
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2015) at the ends of which lie the two regimes, that we briefly discussed at the end of the
previous section. For large Péclet numbers, or at early times, the concentration content
can be determined from the stretching history of individual lamellae alone (Duplat
et al., 2010). For small Péclet numbers the concentration content is determined by the
coalescence of neighboring lamellae (Duplat and Villermaux, 2008).

27.4.1

Mixing and Fluid Deformation

As solutes are transported in heterogeneous flow fields, they organize into lamellar
structures that are naturally formed by the repeated action of advection, see Figure
27.9. In order to quantify the deformation action of the flow field on the evolution
of the concentration field, we consider transport in the coordinate system attached to
a material fluid element. The flow velocity is q(x) is represented by its linearization
about the velocity at the center of the lamella, such that q0 (x0 ) =  · x0 , where  =
∇0 q0 T is the velocity gradient in the moving lamella system (Ottino, 1989). Volume
conservation implies that 11 = −22 . The dominant deformation in this coordinate
system is stretching along and compression perpendicular to the lamella. Thus, we
simplify the deformation gradient as ij ≈ 0 for i 6= j and 11 = −22 = γ. The
stretching rate γ is defined by
γ=

1 dρ
,
ρ dt

(27.23)

with the relative lamella elongation ρ = `/`0 ; ` is the current and `0 the initial lamella
length.
The, advection dispersion equation (27.5) can be written in the coordinate system
attached to a material strip as (Ranz, 1979; Meunier and Villermaux, 2010)
φ

∂c(z, t)
∂c(z, t)
∂ 2 c(z, t)
− γ(t)z
−D
= 0,
∂t
∂z
∂z 2

(27.24)

where z is the coordinate perpendicular to the main direction of elongation of the
lamella, D is the isotropic local dispersion coefficient, φ is porosity, which is assumed
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to be constant. Notice that here we assume that local dispersion represents local scale
mixing. Concentration gradients in the stretching direction a disregarded because they
are much smaller than the ones perpendicular to the lamella. Note that this picture of
lamellar transport is valid as long as the lamellae can be considered as independent.
This is the case for linear shear flows and radial flow scenarios, for example. When
lamellae interact through diffusive coalescence, the statistics of lamellae aggregation
needs to be considered, as discussed in the following section.
The width s(t) of the scalar lamella can be characterized by the centered second
moment of c(z, t), which is defined by
Z
Z
2
dzc(z, t)
κ(t) = dzz c(z, t)

(27.25)

Note that the first moment of c(z, t) is zero for symmetry reasons. Applying the
definition (27.25) to (27.24) gives for κ(t)
dκ(t)
= −2γ(t)κ(t) + 2D
(27.26)
dt
p
By setting the lamella width s(t) = κ(t) we obtain for the mixing scale the evolution
equation (Villermaux and Duplat, 2006)
1 ds(t)
D
= −γ(t) +
.
s(t) dt
s(t)2

(27.27)

This equation describes the competition between advective deformation as expressed
by the compression rate γ(t) and dispersive expansion represented by the second term
on the right side (see figure 27.10). The initial lamella thickness in the following is
denoted by s(t = 0) = s0 .
In heterogeneous flows, lamellae may start interacting through coalescence (Villermaux, 2012; Le Borgne et al., 2013). The time scale for the transition from the stretching enhanced mixing regime to coalescence is typically set by the mixing time scale
τm (Villermaux, 2012), which is defined as time for which dispersive expansion and
compression are equal such that ds(t)/dt|t=τm = 0. For a constant stretching rate
29

Figure 27.10: Illustration of the two main mechanisms controlling the evolution of a
solute in heterogeneous flows. Stretching, illustrated here for a linear shear flow, tends
to elongate material lines and compress them in the direction perpendicular to the
main elongation direction, thus enhancing concentration gradients. Local dispersion
tends to increase the size of solute blobs, thus decreasing concentration gradients.
γ = constant, which is characteristic for chaotic flows, or flows close to a stagnation
point, the mixing scale s(t) converges exponentially fast towards the Batchelor scale
p
λB = D/γ, see also, the discussion in the next section.
The definitions
D
τ (t) = 2
φs0

ẑ = zρ(t)/s0 ,

Zt

dt0 ρ(t0 )2

(27.28)

0

transform the lamellar advection-dispersion equation (27.24) to the simple diffusion
equation
ĉ(ẑ, τ ) ∂ 2 ĉ(ẑ, τ )
−
= 0.
∂τ
∂ ẑ 2

(27.29)

Thus, for the initial concentration profile c(z, t = 0) = c0 exp(−z 2 ) across the lamella,
the solution of (27.24) is given by the Gaussian profile
o
n
2 ρ(t)2
c0 exp − s2z[1+4τ
(t)]
0
p
c(z, t) =
,
1 + 4τ (t)
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(27.30)

The maximum lamella concentration cm (t) is found at z = 0 as
cm (t) = p

c0
1 + 4τ (t)

.

(27.31)

It is illustrative to consider a linear stretching protocol, as found in stratified porous
media, for example. In this case, the relative elongation increases ρ(t) ∼ t. As a
consequence, τ (t) ∼ t3 and the maximum concentration decreases as cm (t) ∼ t−3/2 ,
i.e., much stronger than by dispersion only.
The PDF of concentration across the strip is obtained by sampling the Gaussian
profile (27.30) between a minimum concentration  and cm (t) as
1
p(c|cm ) =
2z0 ()

zZ0 ()

dzδ[c − c(z, t)],

(27.32)

−z0 ()

where z0 () is defined by c(z0 , t) = . Thus, one obtains the following PDF, which is
characteristic for a Gaussian profile,
p(c|cm ) =

1
p
2c ln(cm /) ln(cm /c)

(27.33)

with cm ≥ c. Equation (27.33) provides the relationship between the concentration
PDF of a lamella and its elongation history, through the temporal evolution of the
maximum concentration cm (t) in the strip given by (27.31).

27.4.2

Random Elongation

Equations (27.28) and (27.30) express the fact that the history of a lamella elongation
ρ(t) plays a key role for the understanding of the evolution of the concentration content
of the heterogeneous mixture. The lamella elongation can be quantified in the framework of particle tracking. The movement of a purely advectively transported particle
is described by
dx(t|a)
= φ−1 q[x(t|a)]
dt
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(27.34)
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Figure 27.11: Advected line at times t1 = 2.5τa , t2 = 37.5τa , t3 = 112.5τa for σf2 = 1.
The initial position of the line is x1 = λ. The red color intensity is proportional to
ρ for lamella elongations ρ ≥ 10. The blue color intensity is proportional to 1/ρ for
ρ < 10. Hence, the red zones represent the parts of the line that are most elongated
while the blue zones represent the portions that have been less stretched.
with the initial position x(t = 0|a) = (0, a)T . The elongation of a material strip
of the initial length `0 = |∆a| is obtained by computing the pair separation `(t) =
|x(t|a + ∆a) − x(t|a)|.
As illustrated in Figure 27.11, elongation is distributed along the purely advectively
distributed line, reflecting the heterogeneity in the local flow and deformation properties. Furthermore, the strip elongation is a sequential process because the stretching
properties change as the material strip is transported through the heterogeneous flow
field. The statistical properties of ρ(t) are obtained by sampling the strip elongations
along the line in (27.11) at a given time. The average elongation may be approximated
by the power-law
hρ(t)i ∝ (t/τq )α .

(27.35)

The nature of this behavior and its connection with the structure of the permeability
field is the subject of current research. The line elongation may be contrasted to the
overall extension of the deformed advective line, which is related to the concept of
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macrodispersion, see Section 27.2. The line extension can be measured by the spatial
variance
Z

2

σ (t) =

2

Z

dac0 (a)x1 (t|a) −

2
dac0 (a)x1 (t|a) ,

(27.36)

where c0 (a) is the particle distribution in the initial line. Clearly, the line extension is
smaller the the line elongation σ(t) ≤ ρ(t). They are in fact related by (Villermaux,
2012) ρ(t) ∝ σ(t)df , where df is the fractal dimension of the deformed line. If one
assumes a power-law dispersion behavior as in σ(t) ∝ tβ/2 , one can express the fractal
dimension in terms of the exponents α and β as df = 2α/β. It has been found for transport in d = 2 dimensional heterogeneous porous media (Le Borgne et al., 2013) that
α in (27.35) may vary between 1/2 and 2 for moderate to strong heterogeneity, while
the fractal dimension df of the heterogeneous concentration field may vary between 1
and 2.
The sequential elongation process can be modeled as a geometric Brownian (Le Borgne et al., 2013)
1 dρ(t)
µ
= +
ρ(t) dt
t

r

2ν
· ξ(t),
t

(27.37)

where the Stratonovich interpretation of the stochastic integral is used (Risken, 1996);
ξ(t) is a Gaussian white noise characterized by zero mean hξ(t)i = 0 and covariance
hξ(t)ξ(t0 )i = δ(t − t0 ); the initial condition is ρ(t = τq ) = 1. The angular brackets
indicate the average over all noise realizations. This implies that the PDF pρ (ρ, t) of
elongations is lognormal, characterized by the mean elongation hρ(t)i = (t/τq )µ+ν so
that α = µ + ν in (27.35),
n
o
[ln(ρ)−µ ln(t/τq )]2
1 exp − 4ν ln(t/τq )
p
pρ (ρ, t) =
.
ρ
4πν ln(t/τq )

(27.38)

For large Péclet numbers, a well developed regime exists, in which lamellae can be
considered isolated, non overlapping objects. The global concentration PDF pc (c, t)
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thus is obtained by sampling through the lamellar concentrations whose PDF (27.33)
is conditional to the maximum concentration cm (t), such that
Z∞
pc (c, t) =

dcm pc (c|cm )pm (cm , t),

(27.39)

c

where pm (cm , t) is the PDF of maximum concentrations in the mixture. The latter can
be related to the elongation PDF pρ (ρ, t) through expressions (27.28) and (27.31). In
fact, the relation between the warped time τ (t) and elongation ρ(t) can be approximated by Le Borgne et al. (2015)
Dρ(t)2 t
,
τ (t) ≈ 2
φs0 (1 + 2µ + 4ν)

(27.40)

which gives a map between ρ(t) and τ (t). Furthermore, as the average of τ (t) increases
as t1+2µ+4ν , one may approximate (27.31) as
c0
c0
cm (t) ≈ p
≈p
.
t/τq ρ(t)
2 τ (t)

(27.41)

because Dτq ∼ s20 . This relation provides a direct map between elongation and maximum concentration. In fact, as the elongation PDF is lognormal, so is the PDF of
maximum concentrations pm (cm , t),
n
o
[ln(cm /c0 )+(µ+1/2) ln(t/τq )]2
exp
−
4ν ln(t/τq )
1
p
pm (cm , t) =
cm
4πν ln(t/τq )

(27.42)

Thus, the global concentration PDF can be directly related to the deformation action
of the heterogeneous flow field through (27.39). Using (27.42) in (27.39) and rescaling
the integration variable, we can write the concentration PDF as
n
o
ln(t/τq )]2
Z∞
exp − [z−ln(c0 )+(µ+1/2)
4ν ln(t/τq )
p
pc (c, t) =
dz p
.
c 4πν ln(t/τq ) [z − ln()][z − ln(c)]

(27.43)

ln(c)

The concentration PDF (27.43) is parameterized only by the parameters µ and ν,
which are obtained from the evolution of ρ(t). Its predictions are in good agreement
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Figure 27.12: Concentration PDFs at times t = 12.5τa , 37.5τa , 62.5τa , 87.5τa , 112.5τa
for a Péclet number P e = 8 × 104 and a permeability field variance σf2 = 1. The
simulations are represented by blue continuous lines and the predictions obtained from
the independent lamella model (27.43) are represented by black dash dotted lines. Inset:
same plot in semi-log representation, emphasizing the non-exponential concentration
decay (Le Borgne et al., 2015).
with the numerical simulations for all cases, in which the stretched lamellae that constitute the line evolve on their own and do not overlap, i.e. at early times and high
Péclet numbers (figure 27.12). The model predicts correctly the temporal evolution
of the shape of the concentration PDF, as it evolves towards uniformity. It predicts
accurately the impact of heterogeneity on mixing and represents well the decrease of
the maximum concentration as the degree of heterogeneity increases (figure 27.12).
p
The behavior of pc (c, t) for small concentrations is given by pc ∝ 1/[c ln(1/c)], which
is characteristic of the Gaussian concentration profiles across each lamella as given
in (27.30). The PDF of large concentrations is controlled by the lognormal PDF of
maximum lamella concentrations pm (θ).

27.4.3

Random Aggregation

At increasing time interactions between lamellae are enforced. This is on one hand
due to the dispersive increase of the lamella thickness, on the other hand due to the
decreasing distance between lamellae as a consequence of the fact that the average
elongation may increase faster than the characteristic size σ(t) of the spreading and
dispersion area. Thus, when the lamella thickness is larger than the separation be35

Figure 27.13: Estimation of the number of lamella overlap along the line n[x(t|b), r, t]
for a diffusion scale r = 4λ at time t = 112, 5τa (Le Borgne et al., 2015).
tween lamellae, the concentration fields around the lamellae overlap and coalesce into
lamella aggregates as illustrated in Figure 27.13 for a mixture transported in a heterogeneous d = 2 dimensional porous medium. The resulting aggregates repeatedly
coalesce into larger aggregates in the fashion of a self-convolution processes as outlined in Duplat and Villermaux (2008). Under the assumption that the overlapping
aggregates have uncorrelated stretching histories, the aggregate concentrations can be
considered as uncorrelated random variables. This random aggregation process can
be described mathematically by a generalization of the coagulation theory of Smoluchowski (Smoluchowski, 1917; Duplat and Villermaux, 2008; Le Borgne et al., 2015).

The concentration PDF resulting from the random superposition of the concentration content of the lamella aggregates converges towards a Gamma distribution
independently of the initial concentration PDF,
pc (c, t) =

cn(t)−1
exp[−c/hcm (t)i].
hcm (t)in(t) Γ[n(t)]

(27.44)

The average number of lamellae in an aggregate is denoted by n(t); hcm (t)i is the
average maximum concentration across a single lamella, which is obtained from the
random stretching model detailed in the previous two sections. The average number of
n(t) of coalescences increases with time such that it restores the average concentration
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Figure 27.14: Concentration PDFs at the center of the plume, x(y) − σx (y)/2 < x <
x(y) − σx (y)/2, at times t = 12.5τa , 37.5τa , 62.5τa , 87.5τa , 112.5τa for a Péclet number
2
P e = 8 and a permeability field variance σln
K = 1 (blue continuous lines). The
predictions of the random aggregation model (equation (27.44)) are shown in black
dash dotted lines. Inset: temporal evolution of the average coalescence number nc (t)
corresponding to each (Le Borgne et al., 2015).
in the mixture, which is ∼ 1/σ(t),
n(t) ∝

1
σ(t) hcm (t)i

(27.45)

This distribution of concentration values is expected around the center of the plume,
where the lamella density is highest, see also figure 27.13. Figure 27.14 illustrates the
Gamma concentration PDF in comparison with the numerically determined concentration PDF for a heterogeneous d = 2 dimensional porous medium. More general
coalescence models which account for the spatial distribution of the number of coalescences and partial coalescence of lamella aggregates can be found in Le Borgne et al.
(2015).

27.5

Chaotic Mixing

The previous section was concerned with the description and quantification of the
mechanisms of mixing for steady fluid flow in porous media. This section focuses on
strategies and mechanisms to enhance mixing, specifically on chaotic mixing. Thus, it
gives first a short introduction into the basics of chaotic mixing, and then reports on
chaotic mixing strategies for and chaotic flow occurring in porous media.
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27.5.1

Basics of Chaotic Mixing

27.5.1.1

Kinematics of Mixing

Traditionally, groundwater flows are not considered to be rapidly mixing as they are
typically non-turbulent at both the pore and Darcy scales. Hence it is often concluded
that the overwhelmingly laminar fluid dynamics at these scales generates slow mixing
in the sense scalar variance decays at a sub-exponential rate. However, recent advances
regarding the kinematics of groundwater flow has established that indeed rapid mixing
can occur in such flows, with significant implications for macroscopic dispersion and
dilution. In contrast to turbulent flow, the mechanism by which such rapid mixing
occurs is kinematic in origin and stems directly from the advection equation
dx
= v[x(t), t],
dt

(27.46)

describing evolution of the position x of a fluid particle with time t in the (pore or
Darcy scale) velocity field v(x, t) which may be highly nonlinear and hence rich enough
to exhibit chaotic dynamics. Whilst the velocity field v(x, t) in the Eulerian frame
may be smooth and regular, the fluid particle trajectories may be chaotic, leading to
rapid dispersion and mixing. This behavior, termed chaotic advection (Ottino, 1989;
Aref, 1984) renders fluid particle trajectories chaotic, which in turn rapidly accelerates
mixing in viscous-dominated flows characteristic of groundwater hydrodynamics. Prior
to detailed consideration of how chaotic mixing may arise in groundwater flow, and the
implications for mixing and transport, we briefly review the basic principles of chaotic
mixing. The reader is directed to several review articles and monographs (Wiggins and
Ottino, 2004; Metcalfe et al., 2012; Ottino, 1989) for further details.
The ability of turbulent flows to rapidly mix and disperse constituents is widely
recognized (Warhaft, 2000), where small-scale eddies generate complex concentration
distributions consisting of fine striations with steep transverse concentration gradients.
In conjunction with molecular diffusion, these complex stirring dynamics leads to rapid
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(a)

(b)

(c)
Figure 27.15: (a) Stretching and folding motions f which comprise the Smale horseshoe
map, (b) Poincaré section for the standard mapillustrating KAM islands and chaotic
sea. (c) Mixing in a 3D chaotic flow Metcalfe et al. (2006) with red dye placed in a
KAM island and green in the chaotic sea.
scalar mixing, even in the limit of vanishing molecular diffusivity (Haynes and Vanneste,
2005). Chaotic mixing acts to generate the same mixing dynamics in flows without such
small-scale structure by imparting persistent exponential fluid stretching and folding.
An everyday example is the kneading of bread dough, which may be considered as a
laminar flow comprising of iterated stretching and folding motions. As shown in Figure
27.15, these stretching and folding motions (which form a Smale horseshoe map, the
hallmark of chaotic dynamics) form fine striations of a dyed element of dough which
both lengthen and narrow exponentially in time, leading to rapid, complete mixing in
the presence of arbitrarily small diffusion. This is chaotic advection in action.
These actions of stretching and folding are the fundamental mechanisms of chaotic
dynamics; stretching acts to separate particles at an exponential rate, and folding acts
to reorganize the flow to distribute exponentially stretched material elements within a
finite domain. This rate of exponential stretching is quantified by the (infinite time)
Lyapunov exponent λ∞ , which indicates the strength of the chaotic dynamics. A
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positive Lyapunov exponent is often interpreted as an indicator of chaos (Ottino, 1989).
Formally, the Lyapunov exponent is defined in terms of the largest eigenvector ν of the
Cauchy-Green deformation tensor C,
1
ln ν(t),
t→∞ 2t

λ∞ := lim

(27.47)

In practical terms, this measure closely approximates the exponential growth rate of the
length of a material line l(t) between two particles initially separated by infinitesimal
distance δl
1 l(t)
ln
.
t→∞ t
δl

λ∞ ≈ lim

(27.48)

Whilst the flow domain may be finite-sized, l(t) can grow without bound due to the interwoven nature of the striations. Similarly, the finite time Lyapunov exponent (FTLE)
λ[x(0), t] characterizes deformation at finite times
λ[x(0), t] :=

1
ln ν[x(0), t],
2t

(27.49)

which varies according to initial position x(0) and time t. The finite size Lyapunov
exponent (Aurell et al., 1996) on the other hand measures the rate of separation of two
particles that are initially at a distance δ` until they reach the separation `(Ta ) = aδ`.
It may be defined as (Kleinfelter et al., 2005)
λa (δ`) =

1
ln a.
Ta (δ`)

(27.50)

The finite size Lyapunov exponent has been used as a measure for the growth rate
of finite-size perturbations, and for the characterization of the growth rate of mixing
zones (Kleinfelter et al., 2005; d’Ovidio et al., 2004).
As the advection equation (27.52) represents a transform between the Eulerian
and Lagrangian frames,mixing dynamics are most clearly elucidated in the Lagrangian
frame. In general, chaotic orbits do not permeate the entire Lagrangian space, but
rather “islands” (termed KAM tori) of regular, non-chaotic motion (λ∞ = 0) are often
interspersed within a “sea” of chaotic dynamics (λ∞ > 0) (see Fig. 27.15b). In the
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absence of diffusion these islands are barriers to transport which divide the Lagrangian
topology into separate regions as per Fig. 27.15c. Within KAM islands fluid elements
moderately deform but do not undergo exponential stretching, whilst trajectories in
the chaotic sea wander ergodically Wiggins and Ottino (2004), and so the FTLE
asymptotically converges to the infinite-time Lyapunov exponent λ∞ which is constant
within topologically distinct regions of Lagrangian space.
As chaotic mixing is kinematic in origin, the minimum conditions for chaos may be
prescribed in terms of the velocity field v(x, t). The most basic condition is related to
the the Poincaré-Bendixson theorem, a consequence of which is that continuous systems
(such as fluid flow) must possess more than two degrees of freedom (i.e. spatial and/or
temporal) to exhibit chaotic dynamics. As such, unsteady 2D flows or steady 3D flows
can exhibit chaotic mixing, whilst steady 2D flows must be regular. Streamlines of a 2D
steady flow in the plane obey a strict topological constraint in that they are material
lines and so they can neither cross nor diverge without bound. As such, persistent fluid
stretching in bounded steady 2D flows only arises due to shear which is algebraic in
time, hence the infinite time Lyapunov exponent (27.48) is identically zero.
Conversely, for a transient 2D flow such as the dough kneading example
(Fig. 27.15a), material elements are not constrained to initial streamlines of the flow
and so may be stretched and reoriented, admitting persistent exponential stretching
and positive Lyapunov exponent. Likewise, steady 3D flows fluid streamlines are not
constrained to 2D surfaces, and this additional topological degree of freedom admits
exponential divergence of neighboring streamlines. One such example is the flow in
static mixers (shown schematically in Fig. 27.16a); motionless devices used to transversely mix fluids under mean translational flow. Diverging and converging conduits in
these mixers stretch and reorient fluid elements transverse to the mean flow, generating
chaotic mixing and persistent exponential fluid stretching. Similarly, chaotic mixing
dynamics can occur under steady 3D flow in porous networks (as per Fig. 27.16b);
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(a)

(b)

Figure 27.16: (a) Schematic of stretching, reorientation and contraction in a steady 3D
chaotic flow, adapted from Carrière (2007). (b) Schematic of fluid stretching dynamics
in a pore branch and merger, with unstable manifolds and stagnation points shown,
adapted from Lester et al. (2013)
these dynamics shall be explored in greater detail in the following subsection.
27.5.1.2

Interplay of Diffusion and Chaotic Advection

In the presence of molecular diffusion, there exists a minimum striation width given
by the Batchelor scale lB , where molecular diffusion Dm balances fluid stretching
r
Dm
.
(27.51)
lB =
λ∞
The time required to reach the Batchelor scale is termed the mixing time τm , after
which the concentration variance decreases exponentially with time. In general, the
evolution of a concentration field c(x, t) is governed by the advection-diffusion equation
(ADE) subject to the source/sink S(x, t) for c(x, t)
∂c
+ v · ∇c − Dm ∇2 c = S(x, t),
∂t

(27.52)

where the interplay of chaotic advection and diffusion results in rapidly accelerated
mixing. It is instructive to project the ADE (27.52) onto the eigenfunctions ωn (x)
of the Laplacian operator with eigenvalues −µ2n (where µn 6 µn+1 ), such that the
concentration field may be expanded as
c(x, t) =

X

Cn (t)ωn (x),

n
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(27.53)

and the scalar energy Cn2 associated with each wavenumber n evolves as
X
dCn2
=2
Tn,m Cm Cn − 2Dm µ2n Cn2 ,
(27.54)
dt
m
R
where Tn,m = D ωm ∇ · (vωn )x = −Tm,n is the spectral advection operator. According
to (27.54), advection acts to transfer scalar energy between wave numbers, whilst diffusion decays scalar energy at a rate which scales as the square of the wavenumber n.
As chaotic flows involve exponential fluid stretching, it can be shown that the spectral
advection operator Tn,m transfers scalar energy from low to high wave numbers (Toussaint et al., 2000), leading to rapidly accelerated mixing. As chaotic advection rapidly
accelerates mixing via the creation of small-scale structures, these dynamics impact all
aspects of dispersion and homogenization. The direct impact of chaotic mixing upon
pre-asymptotic and asymptotic macroscopic longitudinal and transverse dispersion are
currently open research questions. In the following Section we present currents results to date regarding these mechanisms and impacts and highlight future research
directions.

27.5.2

Chaotic Mixing in Groundwater Flows

Whilst the tools and techniques of chaotic mixing have been applied to a range of
geophysical flows such as oceanic (Thiffeault, 2010) and atmospheric (Pierrehumbert,
1994) flows, recently have these concepts been more widely applied to groundwater
flows (Sposito, 2001; Lester et al., 2010; Neupauer et al., 2014; Chiogna et al., 2014).
With respect to groundwater flow, the pertinent question is when and how does chaotic
mixing arise, and what are the implications for large-scale mixing and transport? We
first consider this question at the Darcy scale, where the velocity field for isotropic
heterogeneous media is governed by the Darcy equation
v(x, t) = −

k(x)
∇p(x, t),
µ

(27.55)

where k(x) is the isotropic (possibly heterogeneous) permeability field, µ fluid viscosity,
and p(x, t) fluid pressure. Under steady flow conditions typical of many groundwater
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applications, chaotic mixing cannot occur as the Darcy equation (27.55) constrains
the kinematics of Lagrangian trajectories. For homogeneous media (k(x) = k0 ) the
velocity field is irrotational, as reflected by the identically zero vorticity
ω := ∇ × v = −k0 ∇ × ∇p = 0.

(27.56)

Under this constraint, the critical entanglements (specifically the formation of transverse homoclinic or heteroclinic connections) necessary for the generation of chaotic
dynamics cannot occur (Ottino, 1989), and so all steady potential flows are nonchaotic (Jones and Aref, 1988). For heterogeneous media, chaotic dynamics are also
forbidden (Sposito, 2001, 1994) as the helicity density h, defined as the product of
vorticity ω and velocity v is identically zero:
h := ω · v = k(∇ × ∇p) · (k∇p) + (∇k × ∇p) · (k∇p) = 0.

(27.57)

Sposito (2001) has shown that under such conditions, fluid streamlines are confined to
2D “Lamb surfaces” of the flow, and so chaotic dynamics are not possible due to this
topological constraint in a similar manner to that of steady 2D flow. Hence chaotic
mixing is not possible for steady isotropic Darcy flows, whether 2D or 3D, homogeneous
or heterogeneous.
Time-dependent Darcy flows break this paradigm, as fluid trajectories are no longer
confined to steady streamlines and so the associated topological constraints are relaxed.
Indeed, this concept has been applied to engineer chaotic mixing in a range of homogeneous (Lester et al., 2009; Metcalfe et al., 2010c; Lester et al., 2010; Jones and Aref,
1988) and heterogeneous (Piscopo et al., 2013; Neupauer et al., 2014; Trefry et al.,
2012) Darcy flows. By judicious transient switching of flow at injection and extraction
well-bores, these transient pumping protocols can invoke accelerated mixing (Neupauer
et al., 2014; Lester et al., 2010), heat transfer (Sheldon et al., 2015) and chemical reaction (Zhang et al., 2009). One such example is the reoriented potential mixing (RPM)
flow (Fig. 27.17) which consists of a series of dipoles which may be switched on or
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(a)

(b)

Figure 27.17: (a)Schematic and simulation of chaotic mixing in the RPM flow in
absence of diffusion under a transient chaotic mixing protocol (Trefry et al., 2012).
(b)Experimental images (top) and computational simulations (bottom) of the confinement of working fluids in the RPM flow under a transient mixing protocol (Metcalfe
et al., 2010a)
off to program a series of mixing protocols. As shown in Fig. 27.17a, these protocols
may be programmed to engender rapid mixing for e.g. accelerated heat and mass
transfer, or conversely, different protocols (e.g., Fig 27.17b) can be applied to program non-chaotic islands and confine fluids for use in applications such as contaminant
remediation (Trefry et al., 2012). Such chaotic mixing shows significant promise for
the control and optimisation of a range of processes in Darcy flows, from pollutant
remediation and in-situ mining to geothermal energy and CO2 sequestration.
Transient Darcy flow may also generate chaotic mixing in natural groundwater
flows such as tidally- or seasonally- forced systems governed by the groundwater flow
equation


∂p(x, t)
k(x)
Ss
=∇·
∇p(x, t) − G(x, t),
∂t
µ

(27.58)

where p is the pressure head, Ss the specific storage term and G(x, t) represents
source/sink terms. Due to the storage term, the pressure p(x, t) gives rise to streamlines which are variable under transient forcing, and so may lead to chaotic mixing
over the forcing cycle. To our knowledge, this approach has not yet been applied to
periodically-forced groundwater systems, but could represent an important mechanism
for mixing and transport in such flows.
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Whilst steady isotropic Darcy flow has zero helicity density and so is non-chaotic,
the helicity density for anisotropic Darcy flow
v(x, t) = −

k(x)
· ∇p(x, t),
µ

(27.59)

is non-zero due to the tensorial permeability field k(x). Such anisotropy occurs at
boundaries between different porous media, and a series of studies (Cirpka et al., 2015;
Chiogna et al., 2014) have established that helical flow can occur for anisotropic media, or media which is locally isotropic but with non-stationary anisotropic correlation
structure. Chiogna et al. (2014) demonstrate that homogeneous anisotropic media
generates synchronous helical streamlines which do not change their spacing and so
exhibit weak mixing, whereas heterogeneous anisotropic media generate asynchronous
helical streamlines, leading to large-scale strong transverse mixing. These results reflect
the fact that non-zero helicity density is a necessary but not sufficient condition for
chaotic mixing in steady flows. Whilst these studies do not explicitly establish whether
the underlying Lagrangian kinematics are chaotic or otherwise (via e.g. computation
of Lyapunov exponents or identification of heteroclinic/homoclinic connections), it is
clear that the interactions between different helical flow structures significantly promotes transverse mixing. Helical flows may also be generated by locally isotropic media
with non-stationary anisotropic correlation structures(Cirpka et al., 2015) ; here the interfaces between different anisotropic correlation structures generate large-scale helical
flows, which impart strong mixing dynamics at larger scales. This result indicates that
helical flow structures can be preserved under appropriate upscaling methods. These
flow features, which are commonly encountered in sedimentary systems, appear to give
rise to exponential growth of material interfaces however it is not explicitly demonstrated that the underlying Lagrangian kinematics are truly chaotic. In conjunction
with hydrodynamic dispersion, these mechanisms can rapidly accelerate transverse mixing at the Darcy scale. There exist several outstanding research questions regarding
how these mechanisms impact macroscopic dispersion and mixing in general, and the
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propensity and impact of such phenomena across classes of anisotropic media.
At the pore-scale, the kinematics of the governing fluid mechanics are vastly different to Darcy flow, as described by the Navier-Stokes equations subject to the no-slip
boundary condition at the fluid-solid boundary ∂D
1
∂v
+ (v · ∇)v = ∇ · σ − ∇p + g,
∂t
ρ

(27.60)

v|∂D = 0,

(27.61)

where ρ is fluid density, g, gravitational acceleration, and the deviatoric fluid stress
tensor σ for Newtonian fluids with kinematic viscosity ν is σ = ν∇v + (∇v)T . In
contrast to Darcy flow, the Navier-Stokes equations admit non-zero helicity density
and stagnation points in the flow field. The other key difference is that the pore-space
D is complex; porous media is typified by a highly interconnected network of flow paths.
This complexity is universal to all porous media, and is best characterized in terms of
the pore-space topology; a measure of the “connectedness” of the pore-space. Recent
advances in pore-scaling imaging have characterized the pore-space topology over a
range of systems (Vogel, 2002), and all porous media characterized have been found to
be topologically complex. Such inherent topological complexity imparts a large number
density of stagnation points in the flow field near pore branches and mergers (such as
shown in Fig. 27.16b) which imparts exponential fluid stretching under steady flow
conditions.
Such chaotic mixing has been studied in model 3D porous networks (Lester et al.,
2013), the random nature of which ensures chaotic mixing throughout the entire porespace. Significant fluid stretching occurs at the stagnation points of the flow, and
trapping of fluid elements near the stagnation points induces folding and neighboring
elements are swept downstream. In this sense, fluid deformation at pore branches and
mergers in highly connected porous media induces chaotic mixing under steady flow
conditions in the same manner as the static mixer shown in Fig. 27.16a. A lower
bound estimate of the Lyapunov exponent can be calculated from a simple model of
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Figure 27.18: (top) Cross-sectional images (transverse to mean flow direction) of porescale chaotic mixing of red- and blue- fluid particles due after n pore branches and
mergers in a 3D random porous network. (bottom) Evolution of residence time distribution (red = long time, orange = short time) due to pore-scale chaotic mixing in a
3D random porous network.
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fluid deformation over these stagnation points (Lester et al., 2013) which is positive
for all random media.
The mixing dynamics of initially-segregated red and fluid tracer particles in the absence of diffusion are shown in Fig. 27.18 (top), where the impact of randomly oriented
pore branches and mergers acts to exponentially stretch fluid elements into highly striated distributions. In the presence of molecular diffusion, such chaotic advection acts
to exponentially accelerate concentration variance, leading to rapid pore-scale mixing
and dispersion.
Pore-scale chaotic advection also impacts longitudinal dispersion via a mechanism similar to Taylor-Aris dispersion, in that transverse chaotic mixing acts to retard longitudinal dispersion arising from the no-slip boundary condition, as shown in
Fig. 27.18(bottom). In this case, asymptotic longitudinal dispersion DL (t) = σL2 (t)/2t
for a solute plume is found (Lester et al., 2014) to reduce from the ballistic limit
DL (t) ∼ t to the asymptotic value
DL (t) ∼

t
,
(ln t)3

(27.62)

and similarly pre-asymptotic transport is similarly augmented (Lester et al., 2014).
Hence pore-scale chaotic mixing significantly augments macroscopic dispersion and
spreading, however the impact of pore-scale chaotic advection upon transverse dispersion remains an open problem.
Whilst the impact of pore-scale and Darcy-scale chaotic advection upon mixing
and dispersion in steady and unsteady, natural and engineered groundwater flows is
yet to be fully quantified, it is clear that such mechanisms can significantly augment
an accelerate mixing and dispersion across a range of groundwater flows.

27.6

Mixing and Chemical Reactions

The previous sections outline the analysis and predictive quantification of mixing under
non-uniform and heterogeneous flow conditions. Here we briefly discuss the impact of
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solute mixing on chemical reactions. The precondition for chemical reactions to occur
is that the reacting species need to meet or collocate. This collocation is induced by
mass transfer processes, typically advection and diffusion or dispersion. Depending on
the pertinent mass transfer and reaction time scales, chemical reactions may be limited
by the reaction kinetics or by the availability of reactants in solution or in the solid
phase, in other words they may be kinetic or transport limited. Which of the two
situations prevails depends on the the Damköhler number
Da =

τm
,
τr

(27.63)

which compares the characteristic mass transfer time scale τm over the volume of interest with the characteristic reaction time scale τr . If the mass transfer time scale is
much smaller than the reaction scale, τm  τr , i.e., for Da  1, the reaction system is
kinetics limited. In the opposite case of Da  1, the reaction system is mixing limited.
The former is typically realized in well mixed batch and flow through reactors. Under
these conditions, the evolution of the concentration ci of a species i can be described
by the kinetic rate law
dci (t)
= r[{cj (t)}],
dt

(27.64)

with r[{cj (t)}] the reaction rate, which in general may depend on the concentrations
cj (t) of all reacting species.
Classical reactive transport models combine mass conservation due to physical mass
transfer with kinetic rate laws such as (27.64). This gives the advection-dispersion
reaction equation (ADRE)
φ

∂ci (x, t)
+ ∇ · qci (x, t) − ∇ · D∇ci (x, t) = r[{cj (x, t)}.
∂t

(27.65)

Reactive transport formulation based on the ADRE rely on two basic assumptions.
The first assumption concerns the well-mixedness of the support volume, i.e., on the
resolution scale of the continuum description under consideration. This implies that a
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microscopic Péclet number, which compares advection and dispersion on the support
scale, needs to be smaller than one. The second assumption concerns the use of the
kinetic rate law on the right side, which requires that mass transfer on the support
scale is much faster than chemical reaction, i.e., that a microscopic Damköhler number
is smaller than one. As discussed above, the consequences of incomplete mixing on the
scale of interest for conservative transport are the emergence of non-Fickian transport
features. The consequences for chemical reactions have been investigated intensely in
the literature (Steefel et al., 2005; Dentz et al., 2011). They reach from the reduction
of reaction efficiency due to mass transfer limitations between different medium portions (Kapoor et al., 1997; Li et al., 2008; Lichtner and Kang, 2007; Gramling et al.,
2002; Luo et al., 2008; Battiato et al., 2009; Tartakovsky et al., 2009), to the enhancement of reaction due to enhanced mixing rates in heterogeneous flows (Piscopo et al.,
2013; Neupauer et al., 2014; Chiogna et al., 2012; Hochstettler and Kitanidis, 2013;
de Anna et al., 2014b). These phenomena are due to the intrinsically local scale nature
of mixing and chemical reaction processes that cannot be represented in terms of large
scale transport theories that describe the evolution of an average concentration field. A
series of approaches have been developed in the last years to account for this central aspect, which reach from multicontinuum models to stochastic streamtube methods and
hybrid modeling approaches, which are discussed in detail in Chapter 29 on Multiscale
Models of Flow and Transport.
Here, we illustrate some of the aspects of mixing limitations on fast chemical reaction, i.e., reactions characterized large Damköhler numbers (defined on the scale of
interest), by considering the paradigmatic bimolecular reaction
A+B

C.

(27.66)

We first consider the impact of mixing, or incomplete mixing, on fast irreversible reactions, and secondly the impact on fast reversible reactions, which are motivated by
precipitation-dissolution processes.
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27.6.1

Fast Irreversible Reactions

We illustrate the impact of incomplete mixing on chemical reactions, with the example
of Ovchinnikov-Zeldovich segregation (Ovchinnikov and Zeldovich, 1978) for purely
diffusive problems, and the displacement of a reaction front in a porous medium (Raje
and Kapoor, 2000; Gramling et al., 2002; de Anna et al., 2014a).
27.6.1.1

Ovchinnikov-Zeldovich Segregation

Ovchinnikov-Zeldovich segregation occurs for the diffusion controlled irreversible version of the bimolecular reaction (27.66), A + B → C subject to a heterogeneous initial
distribution of the A and B species. The diffusion-reaction equations for the species
A, B and C are given by
∂ci (x, t)
= D∇2 ci (x, t) − kcA (x, t)cB (x, t)
∂t
∂cC (x, t)
= D∇2 cC (x, t) + kcA (x, t)cB (x, t),
∂t

(27.67)
(27.68)

with i = A, B. For spatially uniform initial concentrations, diffusion plays no role
because it merely redistributes solute particles without changing the species concentrations at a given position. In this case the diffusion-reaction problem corresponds to
a well-mixed reactor and is described by
dci (t)
= −kcA (t)cB (t),
dt

dcc (t)
= kcA (t)cB (t)
dt

(27.69)

with i = A, B. For equal equal initial concentrations cA (t = 0) = cB (t = 0) = cA0 , the
solution for cA (t) = cB (t) is
cA (t) =

cA0
.
1 + kcA0 t

(27.70)

This implies that for time much larger than the characteristic reaction time scale τr =
1/(kcA0 ), t  τr , the species concentrations decay as cA (t) ∼ t−1 .
This behavior changes dramatically for a heterogeneous initial distribution of the
dissolved species, i.e. for scenarios, in which there is an initial spatially variable mismatch between the A and B species. Under these conditions, the irreversible reaction
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eliminates the local minority species and thus leads to the formation of A and B
islands, or in other words to the segregation of the reacting species. The reaction
kinetics now are genuinely diffusion-controlled, because reactions can only occur at
the boundary of the islands, which implies that reactions occur only after the species
have diffused from the interior of the island to its boundary. The evolution of the
concentration of the A and B species is the result of diffusive coalescence of islands
and depletion of the respective minority species. Consider the limit of infinitely fast
reaction, such that the A and B species cannot coexist at the same position cA cB = 0,
and an uncorrelated initial random preparation of the spatial distribution of cA and
cB in mutually exclusive islands. The initial concentrations are such that the average
species concentrations satisfy hcA0 i = hcB0 i and their fluctuations δcA0 = cA0 − hcA0 i
satisfy hV 2 δcA0 2 i = hV 2 δcB0 2 i = cA0 V for a given volume V 4 . The conservative component u = cA − cB is only subject to diffusion. Its initial values satisfy hu0 i = 0 and
hV 2 u20 i = 2cA0 V . The regions with u > 0, i.e., A islands, and u < 0, i.e., B islands,
√
grow diffusively and thus have a characteristic size of ` ∼ Dt. Within a well mixed
island of volume V ∼ (Dt)d/2 , the typical value of u is of the order of the initial excess of
the majority species such that hV u2 i = cA0 2 V and thus h|u|i = hcA i = hcB i ∼ cA0 /V 1/2 .
Thus, one obtains that the average species concentration
hcA (t)i ∼

cA0
,
(Dt)d/4

(27.71)

for d < 3. Reaction kinetics are slowed down with respect to the well-mixed case
due to segregation of the reacting species and the resulting mixing limitation. This
problem has been analyzed in detail using spectral analysis and numerical simulations
in the literature (Toussaint and Wilczek, 1983; Kang and Redner, 1985; Benson and
Meerschaert, 2008; de Anna et al., 2011; Tartakosky et al., 2012).
4
√ Note√that this means that the fluctuations of initial particle numbers behave as δN0 = V δcA0 ∼
N0 = cA0 V
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27.6.1.2

Reactive Front in Porous Media

Similar segregation phenomena have been observed for irreversible bi-molecular reactions in porous media (Raje and Kapoor, 2000; Gramling et al., 2002; Willingham
et al., 2008; de Anna et al., 2014b,a). Here it is found that the reaction efficiency is reduced compared to the one predicted for a Darcy scale porous medium due to reactant
segregation on the pore scale.
For homogeneous Darcy scale porous media, the ADREs for the irreversible bimolecular reaction A + B → C read as
∂ci (x, t)
+ ∇ · qci (x, t) = ∇ · D∇cA x, t) − r(x, t)
∂t
∂cC (x, t)
+ ∇ · qcC (x, t) = ∇ · D∇cC (x, t) + r(x, t),
φ
∂t
φ

(27.72)
(27.73)

where i = A, B,; r denotes the reaction rate and φ is the porosity. As above, we
assume that the reaction is instantaneous. Thus, the A and B species cannot coexist.
We consider the displacement of initially non-overlapping solutions of species B by
species A, with the uniform species concentrations cA (x, t = 0) = cA0 for x1 < 0, and
cB (x, t = 0) = cA0 for x1 > 0. For a uniform and constant flow velocity aligned with
the 1–direction of the coordinate system, the solution for the product concentration is
given by (Gramling et al., 2002)

 0




cA0
qt − x1
x1 − qt0
0
0
cC (x, t) =
erfc √
H(qt − x) + erfc √
H(x − qt ) ,
2
4DL t0
4DL t0

(27.74)

with DL the longitudinal local dispersion coefficient, L the domain height and t0 = t/φ.
The total product mass mc (t) is obtained by integration of cC (x, t) over space and
gives (Gramling et al., 2002)
mc (t) ∝

p
2DL t,

(27.75)

i.e., the product mass is proportional to the mixing volume. It has been consistently
found in experimental investigations (Raje and Kapoor, 2000; Gramling et al., 2002)
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that this solution overestimates the actual product concentration. These authors point
out that the reduced reaction efficiency can be traced back to species segregation on
the pore scale, and subsequently the overestimation of the actual mixing volume by
local scale dispersion. Since then, the problem of pore-scale reactant segregation, and
the validity of the use of hydrodynamic dispersion for Darcy scale reactive transport
modeling has been further investigated experimentally, theoretically and numerically
in a series of works (Willingham et al., 2008; Battiato et al., 2009; Edery et al., 2009;
Benson and Meerschaert, 2008; de Anna et al., 2014a).
The temporal change of the total reaction product for a deformed pore scale reaction
front can be approximated by (de Anna et al., 2014a)
DL(t)A0
dmc (t)
≈
,
dt
s(t)

(27.76)

where L(t) is the interface length and s(t) its width. This approximation expresses
the fact that the reaction is limited through diffusive mass transfer across the interface
between A and B. In the framework of the lamellar mixing approach presented in Section 27.4, one distinguishes an initial regime that is characterized by the formation of
a lamellar spatial interface organization. In this regime, the interface length increases
linearly with time due to the velocity heterogeneity along the interface, L(t) ∼ L0 γt,
where L0 is the initial interface length and γ the elongation rate. The interface width
√
eventually increases diffusively as s(t) ∼ Dt. This gives for the reaction rate (27.76)
√
the scaling dmc (t)/dt ∼ γ Dt. This implies for the increase of the product mass
√
mc (t) ∼ γD1/2 t3/2 , while the equivalent Darcy scale model predicts the DL t scaling (27.75). Even though the product mass growth faster in time in this regime, it
is smaller than Darcy-scale prediction. At larger times, the lamellae which form the
interface start coalescing and form bundles, whose number nb (t) decreases as the interface width increases as a consequence of the aggregation process, nb (t) ∼ 1/s(t). The
length lb (t) of the lamella bundles can be quantified by the average width of the disperse
√
reaction front, which can be measured by hydrodynamic dispersion as σ ∼ DL t. The
55

p
interface length can then be estimated as L(t) ∼ nb σ ∼ DL /D, which gives for the
√
product mb ∼ DL t as predicted by the Darcy scale model.

27.6.2

Fast Reversible Reactions

The fast irreversible chemical reactions discussed in the previous section are controlled
by the collocation of initially segregated dissolved chemical species. As such they essentially on the interfacial contact area between them and mass transfer across it. In
this section, we consider fast reversible reactions. These type of reactions are generally
triggered by the perturbation of chemical equilibrium due to fluid mixing. This is a
key mechanism for many fast geochemical processes such as dissolution/precipitation
reactions, and therefore of importance for applications ranging from groundwater remediation to carbon dioxide sequestration. Its quantification for fluctuating flows is a
challenge due to the intimate coupling of chemical reaction, mixing and spatial inhomogeneity.
We consider the reversible bimolecular reaction A + B

C. The species A and B

react instantaneously upon mixing and produce the pure-phase mineral of activity 15
Thus, the mass action law, which relates the concentrations of A and B in chemical
equilibrium reads as cA cB = K. This simple reaction represents the precipitation of
gypsum resulting from the mixing of different waters, each of which is at equilibrium
with the mineral De Simoni et al. (2005).
Transport of the dissolved species A and B is again described by the advectiondispersion reaction equation
φ

∂ci (x, t)
+ ∇ · qcA (x, t) = ∇ · D∇cA (x, t) − r(x, t),
∂t

(27.77)

for i = A, B. The equilibrium reaction rate r(x, t) is fully dependent on the physical
mixing properties of the transport system. This is expressed quantitatively by the
following explicit expression for r(x, t), which was derived in the papers by De Simoni
5

In the following, we set activities equal to species concentrations.
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et al. (2005, 2007),
r(x, t) =

1 d2 cA
∇c(x, t) · D∇c(x, t),
φ dc2

(27.78)

where c(x, t) = cA (x, t) − cB (x, t) is a conservative component, which satisfies (27.77)
for r(x, t) = 0. Note that cA (x, t) and cB (x, t) can be expressed as functions of c(x, t)
only by using the mass action law cA cB = K, such that cA (x, t) = cA [c(x, t)], specifically
one obtains
c
cA (c) = +
2

r

c2
+ K,
4

(27.79)

and the same for cB (x, t). Expression (27.78) provides a direct link between chemical
reaction and the mixing properties of the system in terms of ∇c(x, t) · D∇c(x, t) which
is related to entropy generation (27.15) and scalar dissipation (27.18). The global
reaction rate is obtained by spatial integration of (27.78) as
Z
R(t) =

dxr(x, t).

(27.80)

As in the previous section, we illustrate the mixing-induced reaction behavior for
the displacement of a water W2 characterized by an initial composition cA2 and cB2 in
chemical equilibrium, i.e., cA2 cB2 = K for x1 > 0, by a water W1 with cA1 cB1 = K for
x2 < 0.
27.6.2.1

Homogeneous Media

For uniform displacement in a homogeneous medium, the solution for the conservative
component c(x, t) is
c2 − c1
c(x1 , t) =
erf
2



x1 − qt/φ
√
4DL t


+

c1 + c2
,
2

(27.81)

where ci = cAi −cBi for i = 1, 2 are the initial values of the conservative components such
that c(x1 , t = 0) = c1 H(−x1 ) + c2 H(x1 ). The reaction rate and species concentrations
given by (27.78) and (27.79) in terms of c(x1 , t) are illustrated in Figure 27.19. The
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Figure 27.19: Illustration of a reaction front in a homogeneous medium. The initial
component concentrations are c1 = 0, c2 = 1, we set D = 10−2 m2 /d and v = 1 m/d;
(solid) reaction rate and (dashed) component concentration.
reaction rate has a Gaussian shape with a maximum at the position of the maximum
gradient of the conservative component c(x1 , t), i.e., at the position of maximum mass
transfer, or mixing.
27.6.2.2

Heterogeneous Media

In order to illustrate the impact of a spatial flow heterogeneity and the associated
mixing behavior on the reaction efficiency, we consider flow in a d = 2 dimensional
randomly stratified medium that is characterized by the hydraulic conductivity K(x2 ).
For a uniform pressure gradient G in the direction of stratification, the resultant
Darcy flow field is aligned with the 1–direction of the coordinate system and given
by q(x2 ) = K(x2 )G. Figure 27.20 shows the mixing front and reaction rate along the
front resulting from the displacement of water W2 with water W1 . The front between
the two waters is deformed due to the flow heterogeneity and develops a lamellar organization. Similar behaviors can be observed for reactive transport in more general
heterogeneous flow fields. Luo et al. (2008) and Cirpka et al. (2008a) analyzed the
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Figure 27.20: Illustration of a reaction front in a stratified random flow field based on
lamellar mixing (after Le Borgne et al. (2014)). Concentration profile of the conservative component illustrating the interface between displacing and resident waters, which
is deformed by the action of the flow heterogeneity and develops a lamellar structure.
(b) Reaction rates along the interface normalized by the reaction rates for homogeneous
flow. Interface elongation enhances concentration gradients by decreasing the lamella
width and thus increases chemical reactivity.
reactive transport behavior for heterogeneous porous media characterized by a lognormally distributed conductivity field in the light of upscaled transport models using
effective dispersion coefficients as described in Section 27.2. These authors conclude
that such approaches do not represent the local and global mixing behaviors due to
the underestimation of local concentration gradients and the variability of concentration and concentration gradients in the reactive mixture. Willmann et al. (2010) use a
multicontinuum approach to effectively represent the impact of incomplete mixing on
the global reaction behavior.
Due to the lamellar organization of the reaction front observed in heterogeneous
media, the reaction behavior can be be related to the deformation action of the heterogeneous flow field (Le Borgne et al., 2014) by using the methods presented in Section 27.4.1. The purely advective interface that forms between the two waters in the in
the absence of dispersion is subdivided into deformable elementary material strips that
form the support for the transport of the chemical species and the conservative component. The explicit relation between the evolution of the species concentrations, and

59

therefore the mixing and reaction behavior, and the flow heterogeneity is obtained by
solving for local transport in the coordinate system attached to an elementary material
strip (Ranz, 1979). The reactive transport problem (27.77) in the coordinate system
attached to an elementary material strip reads as
∂ĉA (n, t)
∂ĉA (n, t)
∂ĉA (n, t)
− γ(t)n
=D
− r̂(n, t),
∂t
∂n
∂n
∂ĉB (n, t)
∂ĉB (n, t)
∂ĉB (n, t)
φ
− γ(t)n
=D
− r̂(n, t),
∂t
∂n
∂n
φ

(27.82)
(27.83)

where we denote quantities in strip coordinate system by a hat. For simplicity, we
assume here that dispersion is isotropic such that Dij = Dδij . The elongation rate γ(t)
is given in terms of the elongation ρ(t) of a material strip by (27.23). Such lamellar
reactor approaches have been used for the efficient modeling of different classes of
reactions in fluctuating fluid flows (Ranz, 1979; Ottino, 1989; Clifford et al., 1998;
Le Borgne et al., 2014). Following the method of De Simoni et al. (2005) outlined
above, one obtains now for the strip reaction rate r̂` (n, t) the expression

2
d2 ĉA
∂ĉ(n, t)
r̂` (n, t) =
,
D
dĉ2
∂n

(27.84)

with the conservative component ĉ = ĉA − ĉB . The expression for the total reaction
rate of a lamella,
Z
R` (t) = ρ`

dnr̂` (n, t),

(27.85)

can be simplified as (Le Borgne et al., 2014),
R` (t) ∼ D

ρ2
1
2K
√
,
2
2
s0 1 + 2τ (c + 4K)3/2

(27.86)

where ρ is the lamella elongation (figure 27.10), s0 is the initial lamella width and τ is
the wrapped time that quantifies the effect of the elongation history on the concentration gradients according to equation (27.10). This expression aligns clearly the terms
contributing to the global reaction rate: diffusion, lamella elongation, concentration
gradient enhancement through compression, and the speciation term which represents
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Figure 27.21: Illustration of the temporal evolution of the global reaction rate for
uniform, radial and random shear flow (after Le Borgne et al. (2014)).
the chemistry. The global reaction rate then is given by integration over n and summation over all the material strip that form the reaction front as (Le Borgne et al.,
2014)
R(t) =

X

Z
ρ`

dnr̂` (n, t),

(27.87)

`

where ρ` denotes the elongation of an elementary strip. The evaluation of this expression can be set in the framework of a stochastic model for the strip elongations as
described in Section 27.4.2. In this case, the sum over the lamellae is substituted by
an average over the PDF over the lamella elongations. Note also, that the lamellar
reactor approach is valid only for times that are smaller than the characteristic mixing
time, after which aggregation and coalescence processes emerge.
This approach can be used to analyze the impact of flow variability on reactivity.
Figure 27.21 illustrates the evolution of the global reaction rate for uniform, radial
and random shear flow. The predicted effective reaction rates follow distinct temporal
scaling laws, which are determined by the flow variability and the distribution of local
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velocity gradients. This implies reaction efficiency for heterogeneous flows may differ
by orders of magnitude from their homogeneous flow field equivalents.

27.7

Summary

This chapter reports on approaches to describe and quantify mixing in groundwater.
Note that it does not claim to be complete, or to cover all possible aspects of mixing
in groundwater.
Section 27.2 summarizes the classical dispersive approach to quantify mixing from
the pore to the regional scale in terms of (generalized) Taylor dispersion, hydrodynamic dispersion, and macrodispersion. It discusses the dispersion approach as an
asymptotic mixing concept and evaluates its validity at preasymptotic times in the
light of the heterogeneity-induced mass transfer processes. At preasymptotic times,
macrodispersion quantifies the spreading of a dissolved substance, this means the increase of the spatial extent of transport plumes due to flow heterogeneity. As such, it
does not represent the concentration heterogeneity within the plumes, which impact
non-linearly the effective reaction rates. Spreading leads to increased mixing because
it augments spatial concentration contrasts, which then are attenuated by local scale
diffusive and dispersive mass transfer.
These mechanisms are revealed by mixing measures such as the concentration entropy and the corresponding dilution index, as well as the concentration variance and
the scalar dissipation rate, which are discussed in Section 27.3. The dilution index measures the volume occupied by a dissolved substance while the concentration variance
is a measure for the heterogeneity of the concentration distribution. The evolution of
these measures are governed by the scalar dissipation rate, which is given by the square
of the local concentration gradient times the local scale diffusion or dispersion coefficient. This quantity plays a central role in the modeling of mixing in heterogeneous
flows and for the quantification of the evolution of the probability density function
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(PDF) of concentration point values. The concentration PDF is on one hand a measure for concentration variability and thus informs on the mixing state of the system,
and on the other hand provides a measure for concentration uncertainty. Approaches
to quantify the impact of diffusion or dispersion on the evolution of the concentration
PDF are called mixing models. They often invoke surrogate mechanisms to simulate
the joint effect of local mass transfer advective heterogeneity on the stochastic evolution
of point concentration values.
These mechanisms can be quantified on a more fundamental level by using the concept of the diffusive strip in the framework of a lamellar representation of the concentration field, reported in Section (27.4). The deformation of material fluid elements in a
fluctuating flow field organizes the concentration distribution into a lamellar structure.
The diffusive strip method quantifies explicitly the impact of local deformation and
mass transfer mechanisms on the evolution of the concentration PDF. It distinguishes
two main regimes that reflect the fundamental mixing mechanisms. In the stretching
enhanced mixing regime, mixing is dominated by the creation of concentration contrast
due to advective strip deformation and its attenuation due to local scale dispersion. In
the coalescence regime, the mixing process is primarily determined by the formation
of lamella aggregates, which governs the evolution of the spatial concentration content
of the mixture. In summary, fluid deformation, the subsequent formation of a lamellar
organization of the mixture and its coalescence play a central role for the evaluation
of the mixing efficiency of a heterogeneous transport system. Thus, the quantitative
understanding of these mechanisms provides predictive models for the dynamics of
mixing processes in porous media.
Chaotic advection leads to a strong deformation of material fluid elements and an
exponential increase of the length of lamellae. Thus, the induction of chaotic advection
in groundwater flow is a possible strategy of enhancing fluid mixing. Section 27.5 gives
an overview of chaotic mixing. It summarizes the basics of chaotic mixing and its
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quantification in terms of the flow kinematics. It discusses the conditions under which
it can occur. For 2–dimensional steady flows, for example, chaotic advection it is
prohibited by the Poincaré Bendixson theorem. For 3–dimensional or 2–dimensional
temporally varying flows the chaotic advection and thus chaotic mixing is possible.
This section reports on strategies to induce chaotic mixing in groundwater flows and
discusses its significance for the understanding of transverse solute spreading in 3–
dimensional groundwater flows.
Mixing plays a central role for the quantification of chemical reactions in general
and fast chemical reaction in particular. For the latter, the reaction efficiency is determined by the mass transfer and scalar dissipation rates. Section 27.6 gives a brief
account on the impact of solute mixing on fast bimolecular reactions. It discusses the
slowing down of irreversible reactions in a heterogeneous compared to a homogeneous
mixture for the classical example of Ovchinnikov-Zeldovich segregation in a diffusion
limited reaction system. Similar segregation phenomena have been observed for the
displacement of a reaction front in Darcy scale porous media, which has been traced
back to the segregation of reactants at the pore-scale. In irreversible reactions reaction
rates are limited by the availability of reactants. They depend on the collocation of
initially segregated reactant. For fast reversible reactions, reactions are triggered by
the perturbation of local chemical equilibrium due to fluid mixing. The reaction rate is
directly proportional to the scalar dissipation rate, i.e., the mixing rate. The reaction
rates can be related to fluid deformation and local scale mass transfer, i.e., local scale
mixing, in the framework of the lamellar representation discussed in Section 27.4.

27.8

Further Reading

For the topics of dispersion in porous media from the pore to regional scale we refer the
reader to textbooks by Sahimi (2011), Dagan (1989), Gelhar (1993) and Rubin (2003).
For the quantification of flow kinematics and chaotic mixing we refer the reader to
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the textbook by (Ottino, 1989) and the review article by Wiggins and Ottino (2004).

27.9

Glossary

• Coalescence describes here the process by which lamellae merge in order to form
a lamella aggregate
• Diffusion is a physical process that quantifies the impact of thermal fluctuations
on the erratic movement of solute particles. It leads asymptotically to the complete mixing of initially segregated substances. It is an isotropic process. The
process is described by Fick’s law.
• Dilution Index is a measure for the volume occupied by a dissolved substance. It
is related to the concentration entropy.
• Dispersion quantifies the impact of velocity fluctuations below the resolution scale
on the movement of solute particles. It is in general an anisotropic process. The
process is asymptotically described by Fick’s law.
• Finite Time Lyapunov Exponent measures the temporally averaged elongation
rate of a material fluid element. The Lyapunov exponent is obtained in the
infinite time limit.
• Lyapunov Exponent measures the asymptotic elongation or compression rate of
an infinitesimal material fluid element.
• Lamellae denote material fluid elements that form the support of a heterogeneous concentration distribution. They are formed by the repeated action of
heterogeneous advection.
• Macrodispersion quantifies the impact of Darcy-scale velocity fluctuations on
the movement of solute particles. It is in general anisotropic. The process is
asymptotically described by Fick’s law.
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• Mixing is the process that leads to the uniformity of a spatially segregated distribution.
• Probability Density Function (PDF) of concentration point values measures the
spatial concentration variability or the concentration variability between medium
realizations.
• Scalar Dissipation Rate measures the rate by which scalar variance is destroyed.
• Taylor Dispersion quantifies the impact of velocity fluctuations on the longitudinal movement of solute particles in the parabolic flow through a pipe or channel.
The process is asymptotically described by Fick’s law.
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