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Scale Effects

The basic issue with upscaling may be illustrated with an example from Bronstert
et al. (2005). Watching a movie of boats in the ocean, alert spectators immediately
and intuitively identify whether the boats were filmed in a pool or in the actual ocean.
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Pool waves may look as large as ocean ones, but they never look as foamy. The reason
is that surface tension, which is an important force for small water bodies, becomes
negligible when compared the inertial forces of true ocean waves. While it is evident
that dominant processes may change with scale, the conventional continuum mechanics
approach does not acknowledge it. The continuum mechanics approach is sound as long
as the main processes remain unaltered. However, one of the points of this Chapter is
that such is rarely, if ever, the case for the processes involved in geological CO2 storage.
Variability is important not only because of the associated uncertainty, but also because
large-scale behaviour of a spatially variable phenomenon may be significantly different
from the small-scale behaviour. This means, changes in scale may (1) lead to changes
in the effective parameters, (2) cause new processes to emerge, which often will imply
(3) that the governing equations need to be changed. The term scale effect refers to any
of these changes. Upscaling is a general term that refers to the procedures to derive
these changes (in parameters, relevant processes, or governing equations) assuming
that parameters, processes, and governing equations ar known at a small scale. This
Chapter is motivated by the recognition that spatial and temporal variability is (1)
very important, and (2) impossible to describe in detail. Therefore, scale effects should
be expected in general.
Processes involved in CO2 storage include: single and multiphase flow, solute transport, energy transport, chemical reactions and mechanical deformations. All of them
suffer from scale effects. Single phase flow is governed by the flow equation, which
basically entails fluid mass and momentum conservation. The latter is expressed by
Darcy’s law, whose only parameter is hydraulic conductivity. While the flow equation is broadly accepted, it is also well known that hydraulic conductivity displays
significant scale effects, that is, its representative value grows with the size of the problem (Renard and de Marsily, 1997; Sanchez-Vila et al., 2006). This implies that the
hydraulic conductivity measured at one scale need not be equal to those described at
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a different, larger scale. Since measurements are often made at small scales (e.g., cm
or m), whereas flow may be need at much larger (e.g., 102 - 103 m) scales, it is clear
that upscaling is important.
The situation is more complex for transport. Traditionally continuum scale transport through homogeneous media has been represented by the diffusion-advection equation (ADE) (Bear, 1972):
φ

∂c(x, t)
+ q · ∇c(x, t) − D∇2 c(x, t) = 0,
∂t

(4.1)

where φ is porosity, c(x, t) represents the magnitude being transported per unit volume
of fluid (e.g., concentration), q is the mean flux and D is the diffusion (dispersion)
coefficient, which represents mixing caused by Brownian motion (or by fluctuations of
the pore-scale fluid velocity around its mean).
Observed chemical transport in heterogeneous media does not behave as implied
by (4.1) (e.g., Adams and Gelhar, 1992; Neuman and Zhang, 1990; Carrera, 1993;
Berkowitz and Scher, 1997; Steefel et al., 2005). For one thing both apparent dispersivity (Lallemand-Barres and Peaudecerf, 1978; Gelhar et al., 1992) and porosity (Guimerà
and Carrera, 2000) display marked scale effects. Dispersivity grows (almost) linearly
with the scale of the problem, whereas porosity in fractured media grows with residence time. Differences are not restricted to transport parameters. Field observations
differ from model predictions. It is therefore clear that the ADE is not adequate for
simulating transport. A number of alternatives have been proposed in recent years.
They will be discussed in Section 4.3. However, the driving force in the most recent
developments has been reactive transport. When dealing with reactive transport, it is
convenient to distinguish between fast reactions, which tend to proceed in equilibrium,
and slow reactions, whose rate depends on the distance to equilibrium, as quantified
by saturation.
Rezaei et al. (2005) showed that the actual rate of equilibrium reactions in porous
media is controlled by mixing. The interplay between transport and chemistry is non
3

trivial. Specifically, performing geochemical calculations is needed, but does not suffice
to predict where equilibrium reactions will take place, what will be their rate, or under
which conditions will this rate be maximum. These outcomes are controlled by mixing.
In fact, shortly thereafter, De Simoni et al. (2005) found a relatively simple expression
to quantify mixing for Fickian dispersion. A result from these and many other works
is that proper representation of reactive transport requires a proper representation of
mixing. The large-scale ADE equates spreading and mixing in form of macrodispersion
coefficients. While for a fluid at rest, or a hypothetical homogeneous porous medium,
a diffusion or dispersion coeffcient is an operational concept to quantify solute mixing, this is very different for transport in heterogeneous flow fields, as illustrated in
Figure 4.1. At practically relevant times, the macrodispersion concept quantifies the
extension of the plume as opposed to the volume that is occupied by the solute as a
consequence of mixing (Kitanidis, 1994; Dentz et al., 2000). Thus, the ADE parameterized by a (temporally evolving) macrodispersion coefficient quantifies rather the
extension of the plume than mixing, and is therefore not suited for the quantification
of reactive transport.
One might argue that slow reactions, whose rate is controlled by local chemistry,
should not suffer from scale effects. As it turns out, kinetic reaction rates observed
in the field are much slower than what might be expected from laboratory measurements (White and Peterson, 1990). This implies that local concentrations are not well
represented in the ADE either (Lichtner and Kang, 2007). In fact, most of the alternatives to the ADE discussed in in this chapter adopt non local formalisms. That is,
transport processes at one point in space and time depend not only on the concentration field at that point, but also on its spatial variability far away and on its time
history.
We find similar scale effects in for the description of multiphase in heterogeneous
porous media. This may manifest on one hand, in scale effects in effective flow parame-
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Spreading

Figure 4.1: Mixing refers to the rate at which different waters blend together. As
such, it is controlled by local gradients and tends to destroy local irregularities in
concentration. Spreading, on the other hand, tends to increase the extent of the plume
or the overall width of an advancing front. They are linked, because irregular spreading
tends to generate gradients perpendicular to the flow direction, but they are different
concepts. Yet, both are equated in the ADE.

ters such as intrinsic hydraulic conductivity, or scale effects in constitutive relationships
such as capillary pressure saturation relations and relative permeability (Yang et al.,
2013). On the other hand, heterogeneity effects the spreading of a displacement in a
way similar as observed in the case of the miscible displacement of one fluid by the
other, which can be described by the single phase flow macrodispersion coefficient described above. For two-phase flow the phenomenon is analogous (Langlo and Espedal,
1995; Neuweiler et al., 2003; Bolster et al., 2009). Remarkably, for two-phase flow, this
gives rise to a macrodispersive flux in the saturation equations for the two fluids. For
5

highly heterogeneous porous media, one observes similar fluid retention phenomena as
for solute transport in multicontinuum media (Di Donato et al., 2007; Geiger et al.,
2013).
In all these applications, scale effects are caused by the interaction of spatial heterogeneity and the small scale flow and transport processes, which can be seen as collective
phenomena that may be described by effective parameters, or require the constitution
of flow and transport equations that are different from the ones on the local scale.
In the following, we gives an description of various efforts to approach the upscaling
problem, and quantify large scale flow and transport in heterogeneous porous formations. This description needs to be necessarily incomplete due to the vast amount of
literature that has been dedicated to this important topic in the last 50 years.

4.2

Single Phase Flow

The following sections describe the upscaling of porous media flow from the pore to
Darcy scale, and from the Darcy to the field scale.

4.2.1

Pore to Darcy Scale

On the pore scale, the medium is composed of void space that is available to the fluid
and a solid phase that here is assume to be impermeable. Figure 4.2 shows a X-ray
microtomography cross section of the heterogeneous pore-structure of a pure calcite
limestone. In the following, we briefly introduce into the description of single phase
flow on this scale, and its upscaling to the continuum or Darcy scale, which is assumed
to be much larger than a typical pore lenght scale.
The pore space available for fluid flow is denoted by Ωf , the solid space by Ωs .
Their boundaries are denoted by ∂Ωf and ∂Ωs . The space occupied by the bulk of
the porous medium is denoted by Ω = Ωf ∪ Ωs . The solid grains are assumed to be
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Figure 4.2: X-ray microtomography cross section of a pure calcite limestone imaged
at different resolutions. Left, porosity map (diameter 1 cm; resolution 5µm). Right,
processed image (600 × 600 µm, resolution 1µm) showing the mobile domain (in white)
and the micro-porosity distribution in the immobile domain formed by clusters of
distinctly different size (grey scale). Zones in black are areas unconnected with the
immobile domain (porosity lower than the percolation threshold, see also Gouze et al.
(2008).
impermeable. Flow in the pore space is governed by the Navier-Stokes equation
ρf

∂v(x, t)
+ v(x, t) · ∇v(x, t) = µ∇2 v(x, t) − ∇p(x, t) + ρf g,
∂t

(4.2)

where ρf is the fluid density, v(x, t) is the fluid velocity, µ is dynamic viscosity, p(x, t)
is fluid pressure and g is the gravity acceleration. The first two terms on the left
describe fluid acceleration, the first two terms on the right quantify the action of shear
and stress on a fluid volume in terms of pressure (stress) and viscosity (shear), the last
term quantifies body forces, which here is only the action of gravity.
Flow can be characterized by the dimensionless Reynolds number Re = `vc /ν with
` a characteristic pore length scale, vc a characteristic flow rate, and ν = µ/ρ kinematic
viscosity. The Reynolds number compares fluid inertia (`vc ) to vicous resistance (ν).
We assume that the fluid density is constant, which means that we focus on isothermal
flow that is not affected by solute transport. Furthermore, for Re  1 as is typically
the case for porous media flows, inertia effects can be disregarded and thus, the Navier-
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Stokes equation simplifies to the Stokes equation
ρf

∂v(x, t)
= µ∇2 v(x) − ∇p(x) + ρf g,
∂t

(4.3)

where v(x) is the pore velocity, µ is the fluid viscosity and p(x) the fluid pressure, ρf is
the fluid density and g is gravity acceleration. Since we assume that the fluid density
is constant in time and space, fluid mass conservation implies ∇ · v(x) = 0.
There are a series of approaches to solve the pore scale flow problem including
Lattice-Boltzmann (e.g., Kang et al., 2006; Willingham et al., 2008; Acharya et al.,
2007), smoothed particle hydrodynamics (e.g., Tartakovsky et al., 2007, 2009), computational fluid dynamics and pore network modeling (Meile and Tuncay, 2006; Li et al.,
2006), see also the recent review by Meakin and Tartakovsky (2009). In general these
methods are computationally very costly and therefore often limited to relatively small
flow domains or relatively simple pore geometries. If we are interested in the global
fluxes, it is not necessary to know all the small scale details of the fluctuations of v(x, t),
but sufficient to determine the average fluid flow in a representative elementary volume
(REV) Vr of the medium,
1
q(x, t) =
Vr

Z
drv(x + r, t).

(4.4)

Vr

In order to illustrate the concept of the representative elementary volume, we consider the definition of porosity as done in the textbook by Bear (1972). Thus, we
consider the volume of void space in a radius ` about a point x,
Z
drI(x + r ∈ Ωf ),

Vf (x, `) =

(4.5)

V (`)

where the indicator function I(r ∈ Ωf ) is 1 if the statement in its argument is true and
0 else, V (`) is the bulk volume on the scale `. The ratio Vf (`)/V (`) fluctuates on a
scale of the order of the pore diameter for small `, where voids and grain are clearly
distinguishable. For increasing scale `, i.e., for ` larger than the characteristic pore
8

size, this ratio converges to the constant volumetric porosity. The scale `r at which this
transition happens defines the representative elementary volume Vr = V (`r ). Notice
that this concept requires that the pore space can be characterized by a characterstic
length scale. This concept does not apply for media characterized by fractal pore size
distributions because of the lack of a characteristic pore size.
The Stokes equation (4.3) can be upscaled, or averaged using the methods of Homogenization and volume averaging (e.g., Whitaker, 1986; Bear, 1972; Hornung, 1997),
for example. The average flow velocity q(x, t) then satisfies the equation (e.g., Bear,
1972)
q(x, t) +

ρf gk
ρf k ∂q(x, t) µ2 k
−
∇q(x, t) = −
∇h(x, t),
φµ
∂t
µ
µ

(4.6)

where the permeability tensor k reflects the medium geometry and composition, µe
is an effective viscosity. The hydraulic head is defined by h(x, t) = p(x, t)/(ρf g) + z,
the porosity φ compares the pore volume to the bulk volume of the porous medium,
φ = Vf /V . The first terms on the left hand side comes from the visous term in (4.3), the
second from the acceleration term. The third term represents shear losses at the fluid
grain interfaces and was introduced by Brinkman (1949). The term on the right side
summarizes pressure and body forces. Under certain conditions the evolution equation for q(x, t) may include memory terms that are non-local in time (e.g., Hornung,
1997). Fluid acceleration typically occurs on such small time scales that the transient
term in (4.6) can be disregarded. Also the so-called Brinkman term can typically be
neglected, which gives the Darcy equation
q(x, t) = −K∇h(x, t),

K=

ρf gk
,
µ

(4.7)

where K is hydraulic conductivity. Conductivity K is not only a property of the porous
medium, but through its dependence on fluid density and viscosity also of the fluid.
Notice that it also depends on gravity acceleration g which makes it a characteristic of
the planetary conditions.
9

Fluid mass conservation for a Darcy scale porous medium finally is expressed by
the continuity equation (Bear, 1972)
S0

∂h(x, t)
+ ∇ · [K∇h(x, t)] = f (x, t),
∂t

(4.8)

where f (x, t) represents the presence of volume sinks and sources. The specific volumetric storage S0 = ρg[α(1 − φ) + βφ] expresses the compressibility of the medium
through α and of the fluid through β. It quantifies the volume of water that is released
from a unit volume of aquifer per unit decline in hydraulic head h(x, t). In the following, we will assume that the hydraulic conductivity tensor is diagonal and isotropic
such the Kij = Kδij .
Under the Dupuit assumption of predominantly horizontal flow, i.e., h(x, t) =
h(x, y, t), the integration of the flow equation over the thickness da of the aquifer
gives (Bear, 1972)
S

∂h(x, y, t)
+ T ∇2 h(x, y, t) = Fv (x, y, t) + Fs (x, y, t),
∂t

(4.9)

where storativity S = S0 da , transmissivity T = Kda , Fv (x, y, t) are the vertically
integrated volume sources and sinks, and Fs (x, y, t) are surface sources and sinks at
the horizontal aquifer boundaries.
In the following we denote the Darcy scale also as continuum scale because it
does not distinguish between solid grains and void space, but characterizes the physical medium properties in terms of the effective parameters hydraulic conductivity K,
porosity φ and specific volumetric storage S0 .

4.2.2

Darcy to Field Scale

The continuum-scale physical medium properties as quantified by the hydraulic conductivity K, porosity φ and specific storativity S0 are in general spatially variable due
to heterogeneity in the porous material. Hydraulic conductivity varies by 13 order of
magnitude between different materials (Bear, 1972). Variability in porosity and specific
storage is typically much lower.
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This spatial variability leads to large-scale flow behaviors that are quantitatively
different from the ones observed at a local scale, where the medium can be assumed
to be homogeneous. The local scale refers to a length scale that is shorter than the
characteristic variability scale of the medium. The Darcy equation (4.7) and the mass
conservation equation (4.8) in a heterogeneous medium are given by
q(x, t) = −K(x)∇h(x, t)
S0 (x)

∂h(x, t)
− ∇ · q(x, t) = f (x, t).
∂t

(4.10)
(4.11)

The detailed knowledge of the spatial variability of the physical medium properties
in terms of K(x) and S0 (x), and the (numerical) solution of the local scale flow problem
(4.11), can in principle quantify the observed flow behavior. However, the detailed
characterization of the local scale medium fluctuations is in many practical applications
not possible and also not desireable. As pointed out above for the upscaling from
pore to Darcy scale, the characterization of large scale features of fluid flow does not
require the detailed knowledge of the full local scale fluctuation behavior. Thus, coarse
grained, averaged flow descriptions are required to quantify and explain observed large
scale phenomena and to make predictions. As for the transition from the pore to the
continuum scale discussed in the previous section, coarse graining and upscaling implies
averaging of the Darcy equation (4.10).
In this context we distinguish between equilibrium and non-equilibrium approaches.
Equilibrium approaches assume that large scale flow can be characterized by the Darcy
equation characterized by an effective hydraulic conductivity. We call this an equilibrium approach because it assumes that flow at a coarse grained position x can be
characterized by a single average value of hydraulic head. Non-equilibrium approaches
average the flow equation (4.11) and arrive at flow equations that are characterized by
memory kernels, which account for the fact that the support scale of the coarse flow
description is not in local equilibrium.
In the following, we present approaches for the upscaling of the flow problem from
11

Darcy to field scale. We focus hereby on the scale dependence of hydraulic conductivity (Renard and de Marsily, 1997; Sanchez-Vila et al., 2006), as well as non-equilibrium
approaches for fluid flow in media with large parameter contrasts.
4.2.2.1

Steady Flow: Effective Hydraulic Conductivity

The characterization of large scale flow in terms of effective hydraulic conductivity
assumes that an average Darcy flow velocity q(x) on the large scale obeys the Darcy
law
q(x) = −Ke ∇h(x),

(4.12)

where the effective hydraulic conductivity tensor Ke measures the average flux subject to a unit gradient of an average hydraulic conductivity h(x, t). Equation (4.12)
defines the effective hydraulic conductivity, which, in general, is a tensorial quantity.
Directional dependence of large scale conductivity can be due to statistical anisotropy
of the local hydraulic conductivity distribution, boundary distributions, or due to the
domain geometry. Exact results for the effective hydraulic conductivity exist only for
layered media, and two-dimensional porous media whose conductivities satisfy certain
conditions.
Stratified Media A heterogeneous porous medium whose conductivity values are
organized in strata of equal thickness d and thus depend only on the z-direction, K(x) =
K(z). The medium can be characterized by the sequence of conductivity values {Kn }
in the strata, where the subscript n determines the spatial position within the medium.
We consider the case of steady flow characterized by ∇ · q(x) = 0.
Let us consider now the effective flow behavior in such a medium. First, we
consider flow in z–direction, perpendicular to the direction of stratification, which
implies that flow is aligned with the direction perpendicular to the stratification.
The flow equation (4.11) now becomes

∂
K(z) ∂h(z,t)
∂z
∂z

= 0.

The solution for hy-

draulic conductivity for constant head boundary conditions is given by integration
12

as h(z) = h0 − KH G

Rz
0

dz 0 q/K(z 0 ), where G =

∂h(z)
∂z

= (hw − h0 )/L is the large scale

hydraulic gradient, h0 and hw are the hydraulic heads at inlet and outlet; the vertical
P
extension of the domain is w = N d; KH = (w/d)( n Kn−1 )−1 is the harmonic average
of the specific sequence of conductivity values. The Darcy equation can now be written
in terms of the global hydraulic head h(z) and KH as
q = −KH

∂h(z)
.
∂z

(4.13)

Notice that the flow problem is completely defined by the global hydraulic gradient
and the harmonic mean of the conductivity values within the flow domain. Details
such as the exact sequence {Kn } do not play a role.
We consider now flow in x–direction, aligned with the direction of stratification.
In this case, the flow equation (4.11) becomes

∂
K(z) ∂h(x,t)
∂x
∂x

= 0. For constant head

boundary conditions at x = 0 and x = L, the solution for the hydraulic head is independent of the z-direction. Thus the Darcy equation reads as q(z) = −K(z)∂h(x)/∂x,
Rw
and we obtain for the global flow q = w−1 0 dzq(z) the effective Darcy equation
q = −KA
where KA = (d/w)

P

n

∂h(x)
,
∂x

(4.14)

Kn is the arithmetic mean over the values in the conductivity

sequence {Kn }. Again, the details of the sequence are not of importance.
Stochastic Modeling The stochastic modeling approach interprets this sequence
as a stochastic process in space. This means the conductivities Kn that form the sequence {Kn } are assumed to be random variables characterized by a certain distribution pK (K). The stochastic process, i.e., the random sequence {Kn } is characterized
by the joint distribution of conductivity values Kn . Notice that each realization of
this stochastic process, this means, each random sequence of conductivity values, defines an aquifer realization. In many geological media, the distribution of hydraulic
conductivity pK (K) is found to follow approximately a log-normal distribution (Renard and de Marsily, 1997; Sanchez-Vila et al., 2006). In fact, the sequence {Kn }
13

is typically modeled as a multi-lognormally distributed stochastic process, which implies that {Yn = ln(Kn )} is a multi-Gaussian distributed stochastic process. This
means that the joint distribution of the Yn is a multi-Gaussian distribution. Thus, the
stochastic process {Yn } can be characterized by its mean Yn and covariance function
(Yi − Yi )(Yj − Yj ) = CY,ij . It is typically assumed that the process is stationary, which
implies that the mean Yn = Y , i.e., it does not depend on the position within the
medium, and that the covariance CY,ij = CY,i−j , i.e., it depends only on the relative
distance between the strata. The variance of log-conductivity is given by σY2 = CY,ii .
Processes with this property are termed stationary processes.
The stochastic modeling approach substitutes now the spatial harmonic and arithmetic averages by their respective ensemble averages K H = (1/K)−1 and K A = K.
The spatial and ensemble average quantities are in general not equal. The spatial average KA is in general an average over a finite number of strata, while the stochastic
average in principle implies an average over an initinite number of realizations. The
process {Kn } is called ergodic, if the infinite space limit of the arithmetic average and
its ensemble average coincide,
w/d

dX
Kn = K A .
w→∞ w
n=1
lim

(4.15)

This implies that the heterogeneity features present in a single medium realization are
representative of the ensemble of aquifers. Thus, in an ergodic medium, the stochastic
average conductivity may be used to predict the effective hydraulic conductivity to be
used to describe flow on a large scale. Large scale in this particular example means,
large compared to the characteristic size of a stratum. Here we are primarily interested
in ergodic processes because we want to use the stochastic approach to make predictions
on flow and transport in heterogeneous media.
In general, hydraulic conductivity and other physical and chemical medium characteristics are continuous functions of the spatial position, K(x). A more detailed
account on the stochastic modeling approach in hydrogeology can be found in the
14

textbook by Dagan (1989), Gelhar (1993) and Rubin (2003).
Two-Dimensional Isotropic Media We consider the exactly solvable case of flow
in isotropic two-dimensional media presented in Matheron (1967). Hydraulic conductivity K(x) is modeled as a stationary and ergodic random field with the property that
K(x) and K(x)−1 obey the same statistics. This is the case if K(x) = exp[Y (x)] is
multi-lognormally distributed with istropic correlation properties, i.e., Y (x) = ln[K(x)]
is multi-normally distributed. Cleary, the distribution of K(x)−1 = exp[−Y (x)] is again
lognormally distributed. The following derivation uses the duality argument of Keller
(1964), see also the paper by Dean et al. (2007).
The Darcy velocity is assumed to the divergence-free, i.e., ∇ · q(x) = 0. Therefore,
it can be represented in terms of a streamfunction ψ(x) as q(x) = −e3 × ∇ψ 0 (x),
where e3 denotes the unit vector perpendicular to the two-dimensional flow plain.
Darcy’s law (4.10) relates conductivity h(x) and hydraulic conductivity K(x) to the
streamfunction ψ(x) as K(x)∇h(x) = e3 × ∇ψ(x). A vectorial multiplication of this
equation from the left with e3 gives a dual relation between the streamfunction ψ(x)
and the inverse hydraulic conductivity K(x) with the hydraulic head, K(x)−1 ∇ψ(x) =
−e3 × ∇h(x). By defining now K 0 (x) = K02 /K(x), such that the distributions of
K 0 (x) and K(x) are identical, and further, defining ψ 0 (x) = ψ(x)/K0 , we can write
the following dual system of equations for ψ 0 (x) and h(x),
K(x)∇h(x) = −K0 e3 × ∇ψ 0 (x),

K 0 (x)∇ψ 0 (x) = K0 e3 × ∇h(x).

(4.16)

As K(x) and K 0 (x) are statistically identical, we obtain for both averages
K(x)∇h(x) = K e ∇h(x) and K 0 (x)∇ψ(x) = K e ∇ψ(x), respectively. As such, we
obtain by averaging (4.16) the relation K e ∇h(x) = −K0 e3 × ∇ψ 0 (x). Vectorial multiplication from the left by e3 gives K0 ∇ψ 0 (x) = K e e3 × ∇h(x). This relation is now
compared to the average of the second equation in (4.16), K e ∇ψ 0 (x) = K0 e3 × ∇h(x).
Thus, we obtain directly that K e = K0 . For the multi-lognormal random conductiv15

ity field with isotropic correlation function, it is easy to verify that K0 = KG , the
geometric mean conductivity, such that K e = KG .
Three-Dimensional Isotropic Media The problem of finding effective hydraulic
conductivity in three-dimensional heterogeneous porous media has been pursued in
a systematic way by using stochastic modeling. In the following, we want to briefly
outline the basic idea following the method presented in the paper by Gutjahr et al.
(1978).
As above, hydraulic conductivity here is represented by a stationary isotropic multilognormally distributed spatial random field. The basic methodology consists in seeking an approximation for the effective hydraulic conductivity K e of first order in the
variance σY2 of log-hydraulic conductivity Y (x). To this end, Y (x) is separated in
its ensemble mean value Y and fluctuations Y 0 (x) = Y (x) − Y about it. Along the
same lines, hydraulic head h(x) is decomposed into its mean value h(x) = h(x) and
fluctuations h0 (x) = h(x) − h(x) about it. It is furthermore assumed that the average
hydraulic gradient is constant ∇h(x) = GH e1 and aligned with the one-direction of
the coordinate system as a consequence of constant head boundary conditions. Using
this decomposition in (4.10) and discarding terms that are of order higher than 2 in
the fluctuating quantities, we obtain for the average Darcy flow

q(x) = −KG GH e1 − KG


σY2
0
0
+ Y (x)∇h (x) ,
2

(4.17)

where we used the expansion K(x) = KG [1 + Y 0 (x) + Y 0 (x)2 /2 + . . . ] and the fact
that by definition Y 0 (x) = h0 (x) = 0. Notice that the lowest order term in (4.17) is
identical to the exact result for two-dimensional isotropic media derived in the precious
section.
In order to evaluate (4.17) consistently in σY2 , it remains to determine an expression
for h0 (x) linear in Y 0 (x). To this end, we consider the flow equation for h(x) in steady
state, which is obtained by taking the divergence of (4.10) as ∇2 h(x)+∇Y (x)·∇h(x) =
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0. Using the decompositions of h(x) and Y (x) in mean and fluctuations in the steady
state flow equation, we obtain for h0 (x) the following equation
∇2 h0 (x) = −

∂Y 0 (x)
GH ,
∂x1

(4.18)

where we disregard contributions that are quadratic in the fluctuations. This Poisson
equation can be solved, for example by the method of Green’s functions such that
R
h0 (x) = dx0 Y 0 (x0 )g(x−x0 )GH , where an infinite flow domain is assumed. The Green’s
function satisfies ∇2 g(x − x0 ) = −δ(x − x0 ) and is given by g(x) = 1/(4π|x|). Inserting
the expression for h0 (x) into (4.17) and solving the remaining integrals gives

q(x) = −KG 1 +

σY2



1 1
−
2 3


GH .


such that the effective conductivity is identified to be K e = KG 1 + σY2

(4.19)
1
2

−

1
3



.

Notice that we used the dimensionality of space only when specifiying the Green’s
function to solve (4.18). The same perturbation calculation holds also for d = 1 and
d = 2 dimensions. The general perturbation expression for the effective hydraulic


conductivity in d spatial dimensions is given by K e = KG 1 + σY2 12 − d1 .
Notice that the arithmetic average of K(x) is given by KA = KG exp(σY2 /2), the
harmonic average by KH = KG exp(−σY2 /2). In analogy, starting from the above
perturbation approximation for K e it was conjectured (Gelhar and Axness, 1983) that

K e = KG exp[σY2 21 − d1 ], which in the case of d = 1 reduces to the exact result
K e = KH and for d = 2 to the exact result K e = KG . In general it is found (Matheron,
1967) that the effective conductivity is bounded between the harmonic and arithmetic
mean conductivities, K H ≤ K e ≤ K A .
Anisotropic Media Statistically anisotropic media are characterized by directional
dependence of the correlation length of the fluctuations of hydraulic conductivity. Notice that for anisotropic media, as pointed out above, effective dispersion is actually
a tensorial quantity. The stochastic perturbative methdology is identical to the one
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reviewed in the previous paragraph, with the difference that here the covariance of the
loghydraulic conductivity fluctuations is directionally depended. Using this methodology, Gelhar and Axness (1983) derived explicit expressions for the hydraulic conductivity tensor in d = 3 spatial dimensions. Specifically, for a mean flow aligned with the
bedding, i.e., aligned with the direction of stratification of the aquifer, and isotropic
correlation length λ1 = λ2 = λh > λ3 in the horizontal direction, these authors find
that the effective hydraulic conductivity tensor is diagonal with isotropic conductivity
e
e
e
= Kv 6= Kh in the ver= Kh , and a different value K33
= K22
in the horizontal, K11

tical. For this case, the results obtained by Gelhar and Axness (1983) can be written
as (Sanchez-Vila et al., 2006)
Kh = K G



χ 
1 + σY2 ,
2

 


1
K v = KG 1 −
− χ σY2 ,
2

(4.20)

where χ is defined by
p

2−1
arctan
ρ
ρ
1 −
,
p
χ= 2
2
ρ −1
ρ −1
2



ρ=

λh
.
λv

(4.21)

These expressions reduce to the ones for three-dimensional isotropic media presented
above in the limit ρ → 1.
Comprehensive reviews of approaches to determine the effective hydraulic conductivity for anisoptropic bounded and infinite porous media as well as for non-stationary
conductivity fields can be found in the papers by Renard and de Marsily (1997) and
Sanchez-Vila et al. (2006).
Further Remarks It remains to remark that effective or equivalent single phase flow
properties in heterogeneous porous media have been intensely studied over the past 50
years, and the brief account given above is all but complete.
In the literature (Wen and Gómez-Hernández, 1996; Sanchez-Vila et al., 2006) a
distinction is made between effective and equivalent hydraulic conductivities. The
term effective hydraulic conductivity is defined in an ensemble sense in the context
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of a stochastic aquifer model. Thus it relates ensemble average flux to an average
head gradient. The equivalent hydraulic conductivity is defined in a single aquifer by
spatial averaging. It relates the spatially averaged Darcy flux with the spatially average
hydraulic gradient. Thus, equivalent hydraulic conductivities are representative of
a certain region of the medium or medium block. We touched on this issue when
reviewing equivalent conductivites in stratified media, and their representation in a
stochastic model. Equivalent and effective hydraulic conductivities in this sense may
be equated if the underlying medium or region of the medium has ergodic properties.
The necessity to define equivalent hydraulic conductivities arises in the problem of
the representation of point measurements of hydraulic conductivity in a coarse numerical grid, the size of which, however, may not fulfil the ergodicity conditions required to
equal ensemble and spatial average. The coarse-grained medium representation characterized by spatially variable (from block to block) equivalent conductivity is considered
a large scale aquifer equivalent. Specifically, this equivalent medium should be characterized by the same mean flow as the fine scale medium. This requirement poses some
consistency conditions for the equivalent conductivity values. They cannot be considered an intrinisc property of the medium block, but depend on the conductivities of the
surrounding blocks; equivalent conductivies are in general non-local quantities (Neuman and Orr, 1993). Wen and Gómez-Hernández (1996), Renard and de Marsily (1997)
and Sanchez-Vila et al. (2006) provide comprehensive review of approaches, methods
and techniques for the determination of equivalent hydraulic conductivies.
The heterogeneous nature of a natural medium leads on one hand to large scale
flow properties that are different from the local scale ones, which are quantified in
the context of this section by effective and equivalent hydraulic conductivities. These
heterogeneities, on the other hand, induce uncertainty on these averages, due to the
incomplete knowledge of the details of the particular medium under consideration. The
representation of the heterogeneous porous medium as a realization of an ensemble of
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Figure 4.3: Sketch of a double continuum medium inspired by the geometry of the
Bristol channel (Geiger et al., 2013).
media provides the framework for the quantification of uncertainty on hydraulic heads
and equivalent conductivities (Dagan, 1986; Neuman and Orr, 1993). Winter et al.
(2003) focus on the quantification of uncertainty in highly heterogeneous geological
media that are composed of domains of very distint hydraulic properties. These authors
consider heterogeneity in both the geometry of these domains as well as in the physical
medium properties of each domain.
In the following section, we will briefly review the dual porosity approach for the
modeling of flow in media with with sharp contrasts in hydraulic conductivity.
4.2.2.2

Unsteady Flow: Dual Continuum Media

In this section, we consider the situation that the local equilibrium condition invoked
above is not valid, this means that hydraulic head is not in local equilibrium on the
support scale of the spatially averaged model. Such conditions are typical for fractured
media characterized by sharp contrasts between the hydraulic properties in the fracture
and matrix domains.
Barenblatt et al. (1960) suggested a dual continuum model for flow in fractured
media illustrated schematically in Figure 4.3. Both fracture and matrix domain are
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represented by Darcy scale porous media characterized by distinct hydraulic condutivities, Kf and Km , respectively, and specific storage coefficients, Sf and Sm , respectively.
The volume fraction ϕf of the fracture domain is typicall much smaller than the volume
fraction ϕm of the matrix domain, ϕf  ϕm . Notice that here the subscripts f and m
refer to the fracture and matrix domains, respectively. The basis idea is to capture the
large scale behavior by averaging the flow problem over a representative elementary
volume of the medium but respect the disparity in the hydraulic properties in the two
continua. Due to this disparity the heads in fracture and matrix may be very different.
Similar as for the upscaling from pore to Darcy scale, a REV here is defined as the
averaging volume, for which the ratios of fracture to bulk volume and matrix to bulk
volume converge to the characteristic constant values ϕf and ϕm . This requires that
a characteristic matrix length scale exists. The REV represent the support volume of
the large scale flow description, this means, the coordinate x in the large scale flow
model represents a portion of the detailed medium description of the size of the REV.
Instead of defining a single average hydraulic head representative for the REV, the
dual continuum approach defines intrinsic averages over the heads in the fracture and
matrix domains as
1
hf (x, t) =
Vf

Z
drh(x + r, t),

1
hm (x, t) =
Vm

Ωf

Z
drh(x + r, t),

(4.22)

Ωm

where Ωf and Ωm represent the fracture and matrix portions of the REV and Vf and
Vm their respective volumina. The large scale flow behavior can then be described by
the following coupled set of equations
∂hf (x, t)
− Kf ϕf ∇2 hf (x, t) = Γ(x, t),
∂t
∂hm (x, t)
Sm ϕm
− Km ϕm ∇2 hm (x, t) = −Γ(x, t),
∂t

Sf ϕf

(4.23)
(4.24)

where the source term Γ(x, t) quantifies mass transfer between the fracture and matrix
continua. It can be determined by the requirement of head and flux continuum at the
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interface between the fracture and matrix continua. The total hydraulic head ht (x, t)
in the REV is given by ht (x, t) = ϕf hf (x, t) + ϕm hm (x, t).
The exchange term Γ(x, t) is estimated in Barenblatt et al. (1960) as
Γ(x, t) = −ω [hf (x, t) − hm (x, t)] ,

(4.25)

where the mass transfer rate ω is related to the matrix conductivity Km and the
characteristic block size dimensions. If the permeability in the matrix is significantly
smaller than the permeability in the fracture, Km  Kf , the direct contributions of
the matrix to the macoscopic flow may be disregarded, i.e., Km = 0 in (4.24). In this
case the matrix continuum contributes to the large scale flow behavior in an indirect
way and acts as a reservoir that exchanges mass with the fracture continuum. The
exchange term Γ(x, t) can be then expressed in terms of the hydraulic head in the
fracture continuum as
d
Γ(x, t) = −ϕm Sm
dt

Zt

dt0 gm (t − t0 )hf (x, t0 ) + ϕm Sm gm (t)hm0 ,

(4.26)

0

where the memory function gm (t) = ω 0 exp(−ω 0 t) with ω 0 = ω/(ϕm Sm ), and hm0 is
the initial head in the matrix. Notice that the specific form (4.25) assumes that the
hydraulic head in the fracture is in quasi equilibrium. If this is not given, the memory
function gm (t) is in general obtained by solving the flow problem in the fine scale matrix
domain with fixed head hf (x, t) at the fracture-matrix interface. Furthermore, if the
matrix continuum is characterized by a distribution of characteristic matrix scales and
matrix conductivies, this means, it is composed of a set of multiple continua, the source
term Γ(t) is given by the sum of the contributions of each of the different continua as
P
Γ(t) = i ϕm,i Smi gm,i (t) with ϕm,i and Sm,i the volume fraction and specific storage
of the ith matrix continuum, and gm,i (t) the memory function that quantifies the mass
exchange between the fracture and ith matrix continuum.
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4.3

Solute Transport

The following sections give a brief overview on transport upscaling from the pore to
the field scale, and discusses large scale transport modeling approaches. Before this,
we want to briefly discuss some of the assumptions that are related to continuum scale
transport descriptions based on the well known advection-dispersion equation.
First, the concentration c(x, t) of a dissolved substance is defined over a support
volume, or representative elementary volume Vr ∼ `d , over which concentration is assumed to be constant. The dimensionality of space is denoted by d, ` is a characteristic
local scale. This means, it is assumed that a smallest support volume exists within
which concentration gradients are essentially zero. Concentration can then be defined
as
c(x, t) =

M (x, t)
,
Vr

(4.27)

where M (x, t) is the amount of solute contained in the volume Vr at the position x at
time t. It is further assumed that concentration changes, or perturbations of the solute
distribution over the support scale are accommodated, or relaxed on a time scale that is
much smaller than the observation time scale Tobs . The physical relaxation mechanism
on the local scale is diffusion or local dispersion. Thus, the characteristic relaxation
time scale is given by τD = `2 /D, with D a diffusion or dispersion coefficient. If the
condition τD  Tobs is fulfilled, concentration changes in a given time interval ∆t at a
given position x only depend on the fluxes to and from the actual position within the
time interval ∆t. Under these conditions solute transport may be modeled by advective
and dispersive mass transfer in terms of the advection-dispersion equation
∂c(x, t)
+ ∇ · uc(x, t) − D∇2 c(x, t) = 0,
∂t

(4.28)

where u is the transport velocity. Depending on the size of the support volume, or
representative elementary volume, and the medium and flow properties, the above
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conditions on uniqueness of concentration values on the local scale, and mass transfer
properties, may not be fulfilled. In the following sections, we will discuss these issues
and related scale effects on conservative transport from pore to Darcy and from Darcy
to field scale.

4.3.1

Pore to Darcy Scale

Solute transport in the fluid portion Ωf of a porous medium can be described by the
advection-diffusion equation (Bear, 1972)
∂C(x, t)
+ ∇ · [v(x)C(x, t) − D∇C(x, t)] = 0
∂t

(4.29)

where C(x, t) is the solute concentration, v(x) is the Stokes velocity, and D is the effective molecular diffusion coefficient. The solid grains are assumed to be impermeable
to both flow and transport. The transport problem (4.29) can also be formulated in
am equivalent Lagrangian framwork in terms of the equation of motion of the position
x(t) of solute particles. These are given by (Risken, 1996)
√
dx(t)
= v[x(t)] + 2Dξ(t),
dt

(4.30)

where ξ(t) denotes a Gaussian white with zero mean and unit variance, which models
the erratic motion of the solute particle due to diffusion.
The transport domain may be quite complex depending on the pore geometry, and
as a consequence the flow field v(x) may be very variable. The complexity in the flow
field as well as in the boundary conditions, make the pore scale flow and transport
problem challenging, in terms of characterization and in terms of the actual solution
of flow and transport due to the high number of degrees of freedom. For practical
applications, however, it is desirable to have a transport description in terms of a few
effective flow and transport parameters. As for the flow problem in the previous section,
this requires averaging, or coarse graining of the pore-scale transport equation (4.29).
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Taylor Dispersion We first consider the example of transport in a single pore that
is idealized here for a two-dimensional medium by a channel with constant aperture 2a.
This example serves to illustrate a series of issues related to the upscaling of transport
in heterogeneous media in general.
Due to the particular geometry, the flow velocity is aligned with the channel and
depends only on the position along the channel cross-section. The solution of the flow
equation (4.3) in steady state for a two-dimensional channel is given by the HagenPoiseuille profile

v(x2 ) = v0 1 −

 x 2 
2

a

,

v0 =

−a2 ∆p
,
µL

(4.31)

where ∆p is the pressure drop along the length L of the channel. The mean flow
velocity over the channel cross-section is given by vm = 2v0 /3. Transport in the
channel is described by the advection dispersion equation
∂C(x, t)
∂C(x, t)
+ v(x2 )
− D∇2 C(x, t) = 0.
∂t
∂x1

(4.32)

This transport problem can be understood in terms of its characteristic length and
√
time scales. The characteristic diffusion length over a time t is given by `D (t) = 2Dt,
while the characteristic advection length is given by `v = vm t. The characteristic scale
2
τvD = 2D/vm
marks the time at which the two length scales are equal. The second

characteristic time scale marks the time for complete diffusive mixing over the channel
cross-section, τD = 2a2 /D. For advection dominated transport, the two time scales are
clearly separated, τvD  τD . The relative importance between adection and diffusion
p
is measured by the Péclet number, which here is defined by P e = avm /D = τD /τvD .
In the early time regime for t  τvD , diffusive mass transfer is more efficient than
advective, and therefore transport is essentially described by diffusion. In the late time
regime for t  τD the solute is uniformly distributed over the channel cross-section
and is essentially one-dimensional. In this late time regime, the solute distribution can

25

Figure 4.4: Solute plumes evolving from a line injection for D = 102 , u0 = 1 at times
10−2 , 1, 10 and 100.
be fully characterized in terms of the vertically averaged concentration
1
c(x1 , t) =
2a

Za
dx2 C(x, t).

(4.33)

−a

For large Peclet numbers, the longitudinal solute dispersion is in general much larger
than than given by molecular diffusion D. The non-uniform vertical velocity crosssection (4.31) leads to rapid solute transport in the center of the channel and slower
transport at the channel boundaries. This leads to stretching of an initial line source as
illustrated in Figure 4.4, and thus enhanced, purely advective solute spreading. This
advective spreading induces vertical concentration gradients and thus vertical mass
transfer, by which the solute eventually samples the vertical flow heterogeneity.
At times t  τD , the solute has sampled the full velocity spectrum. In this regime an
effective or equivalent dispersion coefficient can be defined in terms of the characteristic
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spreading distance during the time τD . The characteristic spreading distance is given
by δvτD , where δv are the characteristic velocity fuctuations experienced by the solute.
They are of the order of the mean velocity, δv ∼ vm . Thus, one obtains for the effective
2 2
2 2
a /D, which reads for the nonτD /τD = vm
dispersion coefficient the estimate De ∼ vm

dimensional dispersion coefficient as De /D ∼ P e2 . The exact value of the Taylor
dispersion coefficient for channel flow is De =
De =

1 2 2
v a /D,
48 m

2 2 2
v a /D,
105 m

and for flow in a radial pipe,

where here a is the pipe radius. The Taylor dispersion is inversely

proportional to the molecular diffusion coefficients. The smaller molecular diffusion,
the more time indvidual solute packets spend at different velocities, and thus, the
larger the horizontal spread. Increasing diffusion reduces this contrast and therefore
the Taylor dispersion coefficient. In the asymptotc time regime t  τD , the evolution
of the solute distribution is essentially one-dimensional and can be characterized by
the advection-dispersion equation
2
∂c(x1 , t)
∂c(x1 , t)
e ∂ c(x1 , t)
−D
= 0.
+ vm
∂t
∂x1
∂x21

(4.34)

Notice that the simplified representation of the advective terms, compared to (4.32)
is compensated by an increased dispersion coefficient. The impact of velocity fluctuations on large scale solute transport is represented in terms of an effective dispersion coefficient. This concept is frequently used for large scale transport modeling
in geophysical and turbulent fluid flows, as well as for the modeling of transport in
heterogeneous porous media, as we will see in the following.
Before, that, let us consider briefly the dispersion behavior in the intermediate time
regime τvD  t  τD . In this time regime, the solute is not in vertical equilibrium,
this means concentration cannot be characterized by a single average value c(x1 , t) at a
longitudinal position x1 . Vertically averaged concentration profiles in this time regime
are characterized by steep leading edge and a long trailing tail, see Figure 4.5. Such
spatial features of a large scale solute plume, are often termed anomalous because they
do not adjust themselves to advection-dispersion models such as the asymptotic equa27
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Figure 4.5: Vertically integrated solute concentration at times 10−2 , 1, 10 and 100.
tion (4.34). This behavior is also reflected in the behavior of the apparent longitudinal
dispersion coefficient, which is defined as half the rate of change of the longitudinal
second centered moment of the C(x, t) as (Aris, 1956)
 ∞
 ∞
2 
Z
Za
Z
Za


1d
a
2


D (t) =
dx1 dx2 x1 C(x, t) −
dx1 dx2 x1 C(x, t)
.

2 dt 
−∞

−a

−∞

(4.35)

−a

In the asymptotic regime for t  τD , it converges toward the constant De , while
in the intermediate regimes it evolves from the local diffusion coefficient towards the
asymptotic Taylor dispersion coefficient, see Figure 4.6. Such features, evolution of
apparent dispersion, tails and leading edges in solute distributions, are the result of
incomplete mixing on the support scale of the upscaled model, which here is the channel
cross-section. Similar features are found in heterogeneous porous media on larger scales,
as discussed in the introductory section and below. Another point can be made here.
The basic mechanisms leading to anomalous behaviors, namely spatial and/or temporal
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Figure 4.6: Temporal behavior of the apparent dispersion coefficent for D = 10−3 .
fluctuations, are the same mechamisms that ultimateley lead to scale effects in effective
transport coefficients, if they exist.
Hydrodynamic Dispersion In the previous section, we considered transport in a
single pore. For a porous medium, which can be seen as a network of pores, the
dispersion behavior is generally different. Here the characteristic length scale is given
by the typical pore length `p . Together with the average flow velocity vm and diffusion,
we can define the Péclet number P e = vm `p /D, which compares the advection time
scale τv = `p /vm and the diffusion time τD = `2p /D over a pore length. Notice that the
pore length marks the correlation scale for the fluctuations of the pore velocity v(x).
Thus, we can obtain a rough estimate for the effect of pore-scale velocity fluctuations on
the dispersion behavior of a solute. For large Peclet numbers, this means for advection
dominated transport, the typical spread of the solute distribution after a few pore
length will be given by square distance traveled during the advection time, (vm τv )2
per advection time τv , which gives De ∼ vm `p , and accordinlgy for the dimensionless
dispersion coefficient De /D ∼ P e. Notice the difference between the scaling here and
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the scaling of the Taylor dispersion coefficient above with P e2 .
In general, it is found in experiments and pore-scale flow and transport simulations (Pfannkuch, 1963; Sahimi, 1995; Bijeljic and Blunt, 2006) that the longitudinal
hydrodynamic dispersion coefficient depends non-linearly on the Péclet number. For
P e < 1, this means for diffusion dominated scenarios, De /D ≤ 1 because diffusion is
restricted by the solid matrix. For increasing P e > 1, the longitudinal hydrodynamic
dispersion coefficient evolves as De /D ∼ P e1.2 . Then for P e > 400, this means in
advection dominated scenarios, is behaves as De /D ∼ P e, as motivated above.
More rigorous treatments on the determination of hydrodynamic dispersion coefficients and the upscaling of transport from the pore to the Darcy scale use volume
averaging (e.g., Whitaker, 1999) and homogenization theory (e.g., Hornung, 1997),
moment methods (e.g., Brenner, 1980), as well as numerical porescale models (e.g.,
Meakin and Tartakovsky, 2009).
Upscaling the pore-scale transport problem (4.29) implies deriving the evolution
equation for the volume averaged concentration
Z
1
c(x, t) =
drC(x + r, t),
Vf

(4.36)

Ωf

Where Vf denotes the fluid volume within the representative elementary volume Vr .
Volume averaging and homogenization theory derive and advection dispersion equation
for Darcy scale transport that is given by (Bear, 1972)
φ

∂c(x, t)
+ ∇ · [qc(x, t) − D∇c(x, t)] = 0,
∂t

(4.37)

where φ is porosity, q is the Darcy velocity given by (4.10), and D is the hydrodynamic
dispersion tensor.
Further Remarks It needs to be noticed that approaches that employ hydrodynamic dispersion coefficients assume that the support volume, the REV Vr , of the
average, Darcy scale transport description is well mixed. This means that the solute
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concentration can be uniquely defined at each position x in the coarse grained medium
by it local average value. The dominant mechanism for concentration homogenization
on the support scale is diffusion. This means that the times for which Equation (4.37)
is valid need to be much larger than the diffusion time scale τD (Brenner, 1980), or in
general the homogenization time scale over the support volume. This condition may
not be met in media that are characterized by dead end pores and permeable solid
grains that are accessible for solute diffusion. In such scenarios, the homogenization
time scale may be much larger than the one estimated for diffusion in the pore space.
Even though the medium properties such as porosity may be homogeneous on the REV
scale, REV scale transport may deviate from the behavior predicted by the advection
dispersion equation (4.37). These transport situation can be accounted for by multicontinuum approaches such as the ones proposed in Quintard and Whitaker (1994)
and Lichtner and Kang (2007).

4.3.2

Darcy to Field Scale

As discussed in Section 4.2.2, Darcy scale heterogeneity in the physical medium properties induce spatial variability porosity and hydraulic conductivity. The latter induces
spatial variability in the Darcy flow velocity through (4.10), and therefore also in the
velocity depend hydrodynamic dispersion tensor. In addition, temporal fluctuation
in the flow conditions may induce time dependence in the Darcy velocity and hydrodynamic dispersion. Thus, solute transport in a Darcy scale heterogeneous porous
medium is expressed by the advection-dispersion equation
φ(x)

∂c(x, t)
+ ∇ · [q(x, t)ci (x, t) − D(x, t)∇ci (x, t)] = 0
∂t

(4.38)

As for porescale transport (4.29), also the Darcy scale transport problem (4.38) can
be formulated in terms of the Lagrangian trajectories x(t) of “solute particles” (e.g.,
Dagan, 1989; Risken, 1996). The equation of motion for Darcy-scale solute particles is
given by the Langevin equation (e.g., Kinzelbach, 1987; LaBolle et al., 1996; Salamon
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et al., 2006; Delay et al., 2005),
dxi (t)
q[xi (t), t] − ∇ · D[xi (t), t]
=
+
dt
φ[xi (t)]

s

2D[xi (t), t]
· ξ(t),
φ[xi (t)]

(4.39)

where ξ(t) now is a Gaussian white noise characterized by zero mean and correlation
ξi (t)ξj (t0 ) = δij δ(t − t0 ). It needs to be emphasized that the support scale of this
description is the same as the one for (4.38). That is, the fact that here transport is
represented in terms of solute particles does not imply that this description resolves
spatial scales that are smaller than the support scale of the continuum description.
The continuum-scale physical medium properties as quantified by the hydraulic
conductivity may in general vary on many scales. This spatial variability leads to largescale transport behavior that is quantitatively different from its local scale counterpart.
A manifestation of this scale behavior is the increase of solute dispersion with increasing
scale (e.g., Lallemand-Barres and Peaudecerf, 1978; Gelhar et al., 1992) as quantified
by macrodispersion coefficients (e.g., Gelhar and Axness, 1983; Dagan, 1984; Neuman
et al., 1987). Other manifestations of spatial heterogeneity are so-called non-Fickian
or “anomalous” transport features such as the tailing of breakthrough curves towards
long times, and spatial solute distributions characterized by forward or backward tails,
and the non-linear evolution of the spatial variance of the concentration distribution
with time (Berkowitz et al., 2006; Neuman and Tartakovsky, 2008; Dentz et al., 2011b).
One may argue that the detailed knowledge of the spatial variability of the physical
medium properties and the (numerical) solution of the local scale flow and transport
problems (4.10) and (4.38), allows to quantify observed large scale transport behaviors.
However, the detailed characterization of the local scale medium fluctuations is in many
practical applications not possible and numerical transport simulators need to operate
on coarse support scales due to limitations of computer power. But more than this,
the observed “anomalous” large scale transport behaviors can be seen as collective
phenomena that result from the interplay of medium heterogeneity on one hand and
local scale flow and transport processes on the other. Thus, from a practical point of
32

view, it is essential to have coarse grained, average models at hand to quantify, explain
and predict observed large scale transport phenomena. Methodologies to quantify
spatial heterogeneity and its impact on transport include stochastic averaging (e.g.,
Gelhar and Axness, 1983; Dagan, 1984; Neuman et al., 1987; Rubin, 2003), volume
averaging (e.g., Whitaker, 1999), homogenization theory (e.g., Hornung, 1997).
The macrodispersion approach (e.g., Gelhar and Axness, 1983) models effective
transport by the same dynamical model as local scale transport. In this modeling
framework, the evolution of the (ensemble) mean concentration c(x, t) is given by
φ

∂c(x, t)
+ q · ∇c(x, t) − ∇ · Dm ∇c(x, t) = 0,
∂t

(4.40)

with φ average porosity, q the average Darcy velocity and Dm the macrodispersion
tensor. Macrodispersion describes the action of flow heterogeneity on enhanced solute
spreading, along the same lines as Taylor dispersion quantifies the impact of flow variability along a pipe cross-section, and hydrodynamic dispersion quantifies the effect
of pore scale flow variability. In the context of transport in geophysical flows, the
phenomenon of enhanced contaminant dispersion is described by eddy diffusivity.
Approaches to account for the impact of medium heterogeneity on the large scale
transport behavior may be roughly divided into two groups. The first group quantifies
the large scale behavior in terms of effective transport parameters such as macrodispersion coefficients, effective porosity and effective retardation coefficients, for example.
It is often observed that effective transport parameters evolve with the time, or with
travel distance of the transported solute. This gives an indication that the ADE based
transport dynamics may be invalidated, along with the observation of non-Fickian large
scale transport behaviors. As already mentioned at the end of the previous section,
the validity of the advection-dispersion model (4.38) on the Darcy scale is conditional
to the requirement of homogeneity of the REV, which may be invalidated depending
on the spatial scales of the underlying heterogeneity and the mass transfer time scales.
This is more so when passing from the Darcy to the field scale, where homogenization
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scales may be much larger than the observation time scales.
Thus, the second groups seeks to cast the emerging non-Fickian transport dynamics
in large scale equations and transport laws. Such models are often based on so-called
non-local process models. This means that the change of concentration at a given time
is influenced by the history of the transport process. This notion may be illustrated
with the example of a double porosity medium characterized by a part that is mobile
and one that is immobile with respect to advection. At a given point the average solute
concentration is composed of a contribution from the mobile continuum that may pass
fast and one of the immobile continuum that may have already been trapped for some
time. Thus transport is determined by its history. This is also manifest in the double
porosity flow model that defines two hydraulic heads at one point of the coarse grained
flow domain.
4.3.2.1

Effective Transport Models

Heterogeneity induced large scale transport dynamics have been quantified in a series of
approaches. Starting with the macrodispersion approach that represents transport by
the large scale ADE (4.40) over blockeffective macrodispersion approaches to spatially
and temporally non-local transport models.
Block-Effective Macrodispersion The block-dispersion approach accounts for the
fact that the macrodispersion concept is only of limited applicability for practically relevant time and length scales. Instead, the medium is coarse grained into regions of
characteristic size λc . While macrodispersion coefficients integrate the full spectrum of
variabiliy of the flow fluctuations on spreading, block-effective dispersion coefficients
quantify the flow fluctuations on a scale that is smaller than the coarse grainging scale
λc . The coarse graining scale λc may be seen as the size of the grid block in a numerical model. While λc -scale fluctuations are accounted for explicitely in the numerical
model, sub-scale fluctuations are quantified by block-effective macrodispersion coeffi34

cients (Beckie et al., 1996; Rubin et al., 1999). As the coarse graining scale increases,
flow variability is transferred from advection to block-effective macrodispersion. The
coarse graining scale may also been seen as the homogenization length scale of the
physical model, or in other words as averaging scale at which concentration can be
represented by a single average value.
Multirate Mass Transfer (MRMT) Approach The MRMT (Haggerty and Gorelick, 1995; Carrera et al., 1998) approach, or multicontinuum approach is based on the
observation that non-Fickian transport in heterogeneous medium can be caused by the
contrast of fast (advective) transport in regions of high flow velocity and slow transport
in regions characterized by small flow velocities. This mechanism is modeled in the
MRMT approach by dividing the medium into a mobile continuum, in which transport
is due to advection and dispersion, and a set of immobile regions, in which transport
can be due to diffusion and slow advection. The mobile and immobile regions are connected through linear mass transfer, which allows to quantify the medium heterogeneity
in terms of the distribution of typical mass transfer times (e.g., Cunningham et al.,
1997; Gouze et al., 2008; Willmann et al., 2008). This modeling framework is similiar
in nature to the dual porosity approach for unsteady flow in fractured media. Notice
that the behavior of the large scale concentration is given the average over the suite of
local concentration values in the mobile and immobile continua. Thus, this approach
represents the non-Fickian average transport behavior, and, explicitly, concentration
variability at the support scale.
Continuous Time Random Walk (CTRW) Approach Similar as the MRMT
approach, the CTRW framework (Berkowitz et al., 2006) is based on the observation
that medium heterogeneity gives rise to a spectrum of characteristic mass transfer time
scales. This means, that for a given characteristic transport distance, the mass transfer
times scales vary due to the spatial heterogeneity of the medium. The CTRW approach
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generalizes classical random walk (RW) models, such as (4.30) and (4.39). Classical
RWs model solute transport in terms of random particle transitions in space during a
constant time increment, that is, the particle trajectory is a stochastic process. CTRW
generalizes this approach by introducing a distributed time increment that accounts
for the variability of mass transfer time scales. This means, in a CTRW not only the
spatial but also the time increment is modeled as a stochastic process. The impact
of spatial heterogeneity is quantified by the joint distribution of transition length and
times (e.g., Berkowitz and Scher, 1997; Le Borgne et al., 2008; Dentz and Castro, 2009).
It has been shown that the MRMT and CTRW approaches are equivalent under some
conditions (Dentz and Berkowitz, 2003).
Moment Equations and Projector Formalism Moment equations represent the
governing equations for the statistical (ensemble) moments of the solute concentration
such as the mean concentration and the mean squared concentration. This approach is
based on a stochastic interpretation of the Darcy-scale ADE (4.38). This method yields
spatio-temporally non-local equations for the mean concentration, concentration variance, and in principle also for the higher order ensemble concentration moments (e.g.,
Morales-Casique et al., 2006). The resulting moment equations are characterized by
memory kernels which in principle can be related to the statistics of the underlying
heterogeneity.
The projector formalism (e.g., Cushman and Ginn, 1993; Cushman et al., 2002)
determines the ensemble moments of concentration by stochastic averaging of the concentration distribution in terms of the particle trajectories given by (4.39). Like the
moment equation approach, the projector formalism yields effective equations for the
ensemble concentration moments that are characterized by memory kernel that are
related to the heterogeneity statistics.
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Fractional Advection-Dispersion Equations Fractional-advection dispersion
equations (e.g., Benson et al., 2000; Cushman and Ginn, 2000) generalize the ADE to
the effect of introducing fractional-order space and time derivatives (West et al., 2003).
Fractional-order space and time derivatives of a given function can be seen convolutions
of this function with a power-law kernel function (in space or time). Time-fractional
ADEs can be shown to be equivalent to CTRWs characterized by power-law transition time distributions (Metzler and Klafter, 2000) and MRMT (Schumer et al., 2003).
Space-fractional ADEs may be related Levy flight random walk model, this means RWs
characterized by a power-law distribution of space increments (Meerschaert et al., 2001;
Metzler and Klafter, 2000). The phenomenological basis is again the realization that
non-Fickian transport may be caused by broad distribution of mass transfer time scales.
Stochastic-Convective Streamtube Approach The stochastic streamtube approach models the heterogeneous medium as a set of individual streamtubes that
are characterized by different, but typically constant flow velocities (e.g., Dagan and
Bressler, 1979; Ginn et al., 1995; Cirpka and Kitanidis, 2000). Flow heterogeneity
is accounted for statistically by the distribution of flow velocities across the different streamtubes. Transport in a single streamtube is given by the one-dimensional
advection-dispersion equation characterized by constant transport parameters. The
average concentration is then given by the sum of the partial concentration in the
different stremtubes weighted by the distribution of streamtube velocities.
4.3.2.2

Mixing

In the previous section, we focused on models to describe average transport in heterogeneous media. We mentioned that non-Fickian transport can be caused by the
notion of incomplete mixing, this means concentration variability on the support volume. In this section, we focus on mixing processes in heterogeneous media. Mixing is
the process that leads to homogenization of heterogeneous concentration distributions,
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dilution of concentrated solution, and is a precondition for chemical reactions as it puts
segregated chemical species into contact.
In homogeneous media under uniform and constant flow conditions, solute mixing
is due to local scale dispersion. For heterogeneous media this is different. The spatial
heterogeneity of the field leads to stretching and folding of the solute plume. At times
that are smaller than the mass transfer time over a typical heterogeneity scale, these
mechanisms increase the solute spread but not the mixing of the solute (e.g., Kitanidis,
1994). Thus, for heterogeneous media, the processes of spreading and mixing need to
be separated. Both processes are of course closely coupled. The concentration contrasts
that are generated by the spread of the solute enhance mass transfer due to diffusion
and local dispersion and thus lead to enhanced mixing. In the following we will briefly
describe measures for these processes in terms of effective dispersion coefficients and
concentration variability.
Effective Dispersion Coefficients Motivated by the fact that mixing in homogeneous media is fully quantified in terms of diffusion and dispersion, macroscale dispersion may be considered as a large scale mixing process. However, we have already seen,
when discussing transport in a channel that the Taylor dispersion coefficient describes
solute transport only at asymptotically large times, this means at times much larger
than the diffusion time over the channel cross-section.
Macroscopic dispersion coefficients can be defined by the method of moments (e.g.,
Aris, 1956) in terms of the rate of growth of the variance of the average spatial solute
distribution. Average here is understood to be a stochastic average. The ensemble
variance is quantified by the second centered moment of the average concentration
c(x, t)
κens
ij (t)

Z
=

Z
dxxi xj c(x, t) −
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Z
dxxi c(x, t)

dxxj c(x, t),

(4.41)

effective width

ensemble width

Figure 4.7: Illustration of the difference between the ensemble and effective measures
for the plume width. The figures shows three plumes evolving from point-injections
along the line at x1 = 10 at time t = 5τq in 3 different realizations of a heterogeneous
flow field.
and its temporal change is defined as the ensemble dispersion coefficients
ens
Dij
(t) =

1 dκens
ij (t)
.
2 dt

(4.42)

m
The macrodispersion coefficients in (4.40) are given by the long time limits Dij
=
ens
limt→∞ Dij
(t) if they exist. For transport in stratified media with infinite transverse

extension, this is not the case (e.g., Matheron and de Marsily, 1980) for example.
Using stochastic modeling, Gelhar and Axness (1983) obtained for the longitudinal
macrodispersion coefficient in the limit of large Péclet numbers
DLm = σY2 qλ,
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(4.43)
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Figure 4.8: Illustration of (a) longitudinal effective versus ensemble dispersion coefficients and (b) growth rate of center of mass fluctuations.
where σY2 is the variance of the log-hydraulic conductivity field and λ its correlation
length and q the average flow velocity. This result was obtained using a first-order perturbation expansion in σY2 . In this approximation, the transverse dispersion coefficient
turns out to be of the order of the local dispersion coefficient. Notice that the basic
dependence on correlation length and mean velocity is the same as the one obtained
for hydrodynamic dispersion above because the underlying physical processes are the
same.
The ensemble dispersion coefficients (4.42) evolve in time (Dagan, 1988) on the
advection time scale τq = λ/q. Ensemble dispersion measures the spreading of the
average plume. As illustrated in 4.7, in addition to the spreading of the individual
plumes, it quantifies an artificial spreading effect due to variability in the center of
mass positions between different plume realizations.
The spatial variance of the solute distribution in a single realization is given by
Z
κij (t) =

Z
dxxi xj c(x, t) −

Z
dx

dx0 xi x0j c(x, t)c(x0 , t).

(4.44)

The effective spatial variance of the concentration distribution is defined by the ensemf
ble average over the variance in each realization, κef
ij (t) = κij (t), as illustrated in 4.7.

The difference between the ensemble and effective variances is exactly the center of
mass fluctuations between realizations (Batchelor, 1949, 1952; Kitanidis, 1988). Thus,
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the effective dispersion coefficient, defined as half the temporal rate of change of the
effective width
ef f
Dij
(t) =

1 dκef f (t)
2 dt

(4.45)

measures the average spreading behavior in a single aquifer realization.
The evolutions of the longitudinal ensemble and effective dispersion coefficients for
a solute plume that evolves from a point injection can be approximated for P e  1
and σY2 < 1 by (Dentz et al., 2000)
r
r
i
d−1
π 2
π 2 h
ef f
ens
D11 =
σY qλerf(t/τq ),
D11 =
σY qλ 1 − (1 + 4t/τD )− 2 .
2
2

(4.46)

Their temporal evolution is illustrated in Figure 4.8. The effective dispersion coefficients evolve on the dispersion time scale τD = λ2 /D, which measures the time for
dispersive mass transfer over a correlation length of the medium. This reflects the
physical mechanisms that eventually lead to macroscopic dispersion for a point source.
At early times, smaller than τq , the solute has not experienced flow heterogeneity because the plume has not yet traveled over a correlation distance of the flow field. For
times larger than τq , the plume is exposed to flow heterogeneity. It starts to be deformed by the flow field, and concentration gradients are created due to the stretching
and compression of the material elements the solute plume is composed of. This is
f
illustrated in Figure 4.9. This figure illustrates also that the effective variance κef
11

measures, at intermediate times τq < t < τD , the rate by which the plume spreads due
to advective heterogeneity rather than actual mixing. However, an equivalent Gaussian plume characterized by the effective dispersion coefficient overestimates the actual
solute dilution because it overestimates the actual volume occupied by the solute. In
the following, we will discuss measures to describe the process of mixing and and the
dilution state of a system.
Mixing and Dilution The dilution index was introduced by Kitanidis (1994) in
order to describe the actual dilution state of a transport system. It is based on the
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Figure 4.9: Solute plumes evolving from a point injection in a heterogeneous flow field
for P e = 102 at times 10−1 τq , τq , 20τq and 50τq .

42

entropy of the normalized concentration distribution c(x, t), which is defined by
Z
H(t) = − dxc(x, t) ln[c(x, t)].
(4.47)
H(t) is a measure for the amount of space the solute may occupy, or more precisely, it
quantifies the logarithm of the volume accessed by the solute. Thus, the exponential
of the entropy H(t),
E(t) = exp [H(t)] .

(4.48)

is a measure for the volume occupied by solute. E(t) is called the dilution index.
Kitanidis (1994) shows that the temporal change of the system entropy for a c(x, t)
that satisfies (4.38) is given by
dH(t)
1
=
dt
φ

Z

dx
[∇c(x, t)D∇c(x, t)] .
c(x, t)

(4.49)

In the absence of dispersion and diffusion, that is, in the absence of local scale mixing
mechanisms, the entropy is given by the one of the initial system, H(t) = H0 and the
dilution index accordingly, E(t) = E0 . This means in the absence of dispersion, the
entropy of the system remains constant. This is evident because the flow fields under
consideration are volume conserving because of ∇ · q(x) = 0. Notice also that entropy
H(t) in an infinite domain is maximized by a Gaussian distribution.
The expression in the square brackets in (4.49) represents the mechanism leading to
dilution, namely the attenuation of concentration gradients by local dispersion. This is
expression is closely related to what is known in the turbulence community as the scalar
dissipation. The scalar dissipation rate describes the velocity by which concentration
variability is destroyed. Concentration variability is measured in terms of the evolution
of the global concentration variance σc2
σc2 (t)

Z
=

dd xc0 (x, t)2 ,

(4.50)

where the concentration fluctuations are c0 (x, t) = c(x, t)−c(x, t). Based on (4.38), one
obtains an evolution equation for the concentration variance (Kapoor and Kitanidis,
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1998)
dσc2 (t)
2
=−
dt
φ

Z

i
h
dd x ∇c0 (x, t)D∇c0 (x, t) − ∇c(x, t)Dm ∇c(x, t) ,

(4.51)

This relation can be seen as a balance equation for concentration variability. The
second term on the right hand side is quantified terms of the macrodispersion tensor
and the average concentration. It is a source terms and represents the creation of
concentration variance due to spreading. The first term is the scalar dissipation rate.
It is a sink terms that represents the desctruction of concentration variability due local
scale dispersion.
Notice that (4.51) is not closed because it depends on the local concentration fluctuations. The interaction by exchange with the mean (IEM) model (Villermaux and
Devillon, 1972) approximates the scalar dissipation rate by an expression linear in σc2
so that the first term on the right of (4.51) describes first order degradation. Other closure approximation employed in the turbulence literature can be found in Pope (2000).
It turns out that the simple IEM closure cannot describe the decay of concentration
variance in porous media (De Dreuzy et al., 2012).
We discussed above that the notions of incomplete mixing and non-Fickian transport are closely related. Non-Fickian transport can be seen as a consequence of the
fact that the macroscopic support volume is not well mixed. Le Borgne et al. (2011)
investigated the evolution of the scale at which concentration variability is negligible.
√
Intuitively one would assume this mixing scale evolves diffusively according to Dt,
which is the case in a homogeneous medium. For strongly heterogeneous media, however, the action of the heterogeneous flow field distorts the plume and counteracts the
homogenization by local dispersion. As a consequence of this competition, the mixing scale evolves slower than in a homogeneous medium, which indicates persistent
non-Fickian transport in heterogeneous media.
Most effective models summarized above describe transport in terms of the average
concentrations. As we have seen here, the mixing process is related to the creation
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and attenuation of local scale concentration gradients, this means, it is a local process.
Thus, the correct quantitifation of mixing in a large scale transport model requires a
measure for local scale concentration variability. This relates to another issue intrinsic
to spatial heterogeneity, namely uncertainty. Incomplete knowledge on the fluctuation
details of the heterogeneous medium induce uncertainty on the concentration values.
Incomplete mixing and uncertainty can be quantified in terms of the probability density function (PDF), pc (c, x, t) of concentration at a given spatial position of the coarse
grained medium (Pope, 2000; Lichtner and Tartakovsky, 2003). The distribution of
concentration PDFs may be determined using Monte-Carlo simulations in a stochastic
framework or by local spatial sampling of concentration values. (Semi)-analytical approaches are based on PDF equations, this means evolution equations for pc (c, x, t), or
so-called mapping approaches.
The knowledge of the local concentration variability and a correct representation of
mixing are of particular importance for the modeling of reactive transport in heterogeneous media because chemical reactions are intrinsically local phenomena that rely
on mass transfer to bring the chemical species into contact.

4.4

Reactive Transport

Reactive transport is in general modeled by the combination of a conseravtive transport equation that accounts for the evolution of the concentration due to physical mass
transfer mechanisms and a source term, the reaction rate, which accounts for chemical reactions. In the previous section, we discussed conservative transport models at
pore, Darcy and field scales. We emphasized that homogeneity of concentration at the
relevant support scale plays an important role, which can be related to characteristic
mass transfer time scales over the support volume. In the context of reactive transport,
additional characteristic times emerge, the characteristic reaction scales τr .
Chemical reaction rate laws are typically determined in well mixed environments.

45

This means there are no mass transfer limitations, or, in other words, concentration
changes due to physical mass transfer are equilibrated on time scales much smaller than
the times scales τr for changes in the species concentrations due to chemical reactions.
The relation of the characteristic physical mass transfer time scales τm on the support
scale and the reaction time scale τr is measured by the Damköhler number
Damic =

τm
.
τr

(4.52)

Thus, for a microscopic Damköhler number Damic  1, the evolution of the concentration of a given species i can be described by the rate law
dci (t)
= r[{cj (t)}],
dt

(4.53)

with r[{cj (t)}] the reaction rate that in general depends on the concentrations of all
reacting species. As mentioned above, the formulation (4.53) requires that the support volume on which the species concentration ci (t) is defined is well mixed at any
time. This implies that concentration can be defined locally by a single value, and
that concentration changes on the support scale occur on time scales smaller than the
reaction time scales. Under these conditions, reactive transport can be described by
the advection-dispersion reaction equation (ADRE)
∂ci (x, t)
+ ∇ · uci (x, t) − D∇2 ci (x, t) = r[{cj (x, t)}.
∂t

(4.54)

As we have seen in the previous section, for transport in heterogeneous media, uniqueness of concentration on the support scale is not always given, again depending on the
medium heterogeneity and the associated mass transfer time scales. In the following,
we discuss these issues in relation to reactive transport modeling from the pore to the
Darcy and Darcy to the field scale.

4.4.1

Pore to Darcy Scale

At the pore scale, the evolution of the concetration Ci (x, t) of an aqueous species i can
be expressed by a combination of the ADE (4.29) and suitably chosen source terms
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and boundary conditions,
X
∂Ci (x, t)
+ ∇ · [v(x)Ci (x, t) − D∇Ci (x, t)] =
νij rj [{Cn (x, t)}].
∂t
j

(4.55)

We assume that the molecular diffusion coefficient D is the same for all species. The
notation {Cn (x, t)} indicates the set of all species concentrations. The reaction rate
for the jth homogeneous reaction is denoted by by rj [{Cn (x, t)}] with the νij the stoichiometric coefficients. As outlined above this formulation assumes that mass transfer
on the microscopic support scale can be disregarded. The reaction rate on the right
side represents fast and slow chemical reactions in the fluid phase. The terms fast and
slow now refer to the typical reaction time scales compared to the diffusion time scale
τD over a characteristic medium length scale, which are compared by the Damköhler
number Daj
Daj =

τD
τr,j

(4.56)

with τr,j the reaction time scale of the j-th reaction. Notice that the Damköhler number
defined here is different from Damic defined above, which refers to mass transfer on the
microscopic support volume. Fast chemical reaction, this means reactions j for which
Daj  1, react almost instantenously upon a concentration change due to physical
mass transfer. Such reactions are intrinsically mixing-limited.
For fast reversible reactions, indexed in the following by f , the species concentrations are related by the mass action law (e.g., Steefel and MacQuarrie, 1996; Saaltink
et al., 1998)
Y
[γi ci (x, t)]νf i = Kf ,

(4.57)

i

where Kf is the equilibrium constant of the f th equilibrium reaction. The γi are the
activity coefficients of the ith species, which depend in general on all species concentrations. Here we assume them to be constant. The reaction rates for rf [{Cn (x, t)}]
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can in principle be approximated by their limit for Daf → ∞ (Sanchez-Vila. et al.,
2007)
rfe (x, t) = lim rf [{Cn (x, t)}].
Daf →∞

(4.58)

where rfe (x, t) is the equilibrium reaction rate of the f th reaction. It can be expressed
in terms of the transport and mixing dynamics of the conservative transport system (De Simoni et al., 2005, 2007). The right side of (4.55) can now be written
as
X

νij rj [{Cn (x, t)}] =

j

X

νif rfe (x, t) +

X

νis rs [{Cn (x, t)}].

(4.59)

s

f

where we indexed the slow reactions by s.
Reactions between the fluid and solid phases take place at the fluid-solid boundaries
where minerals are present. We focus here on precipitation-dissolution reactions. The
boundary conditions at the fluid solid interface can then be written as (e.g., Lichtner
and Kang, 2007; Whitaker, 1999)
−nf s (x) · D∇Ci (x, t)|x∈∂Ωs = −

X

νim αm (x)jm [{Cn (x, t)}]|x∈∂Ωs ,

(4.60)

m

where nf s (x) is the unit normal vector on ∂Ωs pointing from the fluid into the solid
phase; αm (x) is the relative mineral surface area. The relative mineral surface area
is non-zero only at those locations on the solid fluid interface where the mineral is
present. The reaction flux of the mth mineral at its surface is denoted by jm [{Cn (x, t)}].
It depends on the aqueous concentrations at the solid surface. A discussion of the
boundary conditions at the fluid-solid interface can be found in (Knabner et al., 1995).
Based on transition state theory (Hänggi et al., 1990) the reaction flux
jm [{Cn (x, t)}] at the solid-fluid boundary may be modeled as (e.g., Lichtner and Kang,
2007)
jm [{Cn (x, t)}]|x∈Ωs = km (1 − Ωm (x, t)) ,
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(4.61)

where km is the kinetic rate constant. The saturation state Ωm (x, t) is given by
−1
Ωm (x, t) = Km

Y

[γj Cj (x, t)]νjm ,

x ∈ Ωs .

(4.62)

j

Km is the equilibrium constant of the mth mineral reaction, νjm are the stoichiometric
coefficients and γj denotes the activity coefficient of the jth aqueous species. The activity coefficients relate the species activities to their molal concentration. For mineral
species, it is equal to one.
For practical applications of reactive transport modeling on the Darcy and field
scale, the full characterization of the physical and chemical pore scale medium properties and the (numerical) solution of the porescale reactive flow and transport problems
on macrosopic length scale are virtually impossible. As for the problems of single
phase flow and conservative transport, upscaled reactive transport models are required
which depend only on a few effective flow, transport and reaction parameters. Reactive transport is affected by physical heterogeneity which affects solute mixing and thus
conservative mass transfer time scales as well as chemical heterogeneity, for example
in the specific reactive surface areas.
Mathematical approaches to reactive transport upscaling from the pore to the Darcy
scale has used volume averaging (Edwards et al., 1993; Quintard and Whitaker, 1994;
Kechagia et al., 2002; Lichtner and Kang, 2007), Homogenization theory (Mikelic et al.,
2006), pore-network modeling (Meile and Tuncay, 2006; Li et al., 2006) and smoothed
particle hydrodynamics (Tartakovsky et al., 2008; Battiato et al., 2009). Traditionally,
Darcy scale transport is quantified by an ADRE characterized by effective transport
and reaction parameters which can be obtained from volume averaging of the porescale
reactive transport problem (4.55). The evolution equation for the volume averaged
species concentration ci (x, t) is then given by(Lichtner, 1985; Quintard and Whitaker,
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1994)
∂ci (x, t)
∂si (x, t)
+ [1 − φ(x)]
+ ∇ · [q(x, t)ci (x, t) − D(x, t)∇ci (x, t)] =
∂t
∂t
X
(s)
φ(x)
νij rj [{cn (x, t)}] + ri [x, {cn (x, t)}],
(4.63)
φ(x)

i
(s)

The bulk reaction rate for the fluid solid reactions ri (x, t) is given by
(s)

ri [x, {cn (x, t)}] =

X

νim am (x)km (1 − Ωm [{cn (x, t)}]) ,

(4.64)

m

with am (x) the bulk reactive surface area. Notice that heterogeneous reactions are
represented, like homogeneous reactions, through an average source term.
Recall that a reactive transport description in terms of the ADRE assumes that concentration is unique on the support scale Vr and that mass transfer is much faster than
the characteristic reaction time scales. As series of studies have investigated the validity of the ADRE (4.63) using volume averaging (Kechagia et al., 2002), pore-network
simulations (Meile and Tuncay, 2006; Li et al., 2006) and smoothed particle hydrodynamics (Tartakovsky et al., 2008). These works find consistently discrepancies between
reaction rates obtained at the pore scale and their Darcy scale representation (4.63).
Battiato et al. (2009) analyzed the conditions under which the ADRE provides a valid
description of Darcy scale reactive transport, theoretically, using volume averaging, and
numerically, using smoothed particle hydrodynamics. These authors analyze systematically the physical and chemical conditions under which the macroscale description
in terms of an ADRE is valid (Da  1), and identify the regimes for which a hybrid
description is necessary that represents both concentration variability on the support
scale as well as the bulk Darcy scale transport properties. To this end, Lichtner and
Kang (2007) present a reactive multicontinuum approach that is based on the conceptualization of the medium as consisting of mutiple interaction continua. As in the dual
porosity and multirate mass transfer models discussed above, this description quantifies
the behavior of the average bulk concentration and represents explicitly concentration
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heterogeneity at the support scale. Battiato et al. (2011) develop a (numerical) hybrid
method that consists of a coupled system of equations that represents (i) the evolution of the mean concentration through a macroscale reactive transport equation on a
coarse grid, (ii) mass transfer between the coarse grid and a fine grid at nodes where the
conditions for the macroscale description are not met, (iii) fine scale reactive transport
equation at the hybrid node supported with continuum and boundary conditions.
As outlined at the beginning of this section, kinetic rate laws are often determined
in the laboratory in well-mixed environments, either batch or flowthrough reactors.
Under such conditions, mass transfer limitations and possible localization of geochemical reactions as observed in in-situ measurements do not arise (e.g., Steefel et al., 2005;
Li et al., 2006). Li et al. (2008) conducted a thorough experimental and numerical
study on the scale dependence of mineral dissolution rates and analyzed the role of
concentration gradients in single pores and fractures. These findings again challenge
the assumption of well-mixedness necessary for the Darcy-scale reactive transport description (4.63) to be valid.

4.4.2

Darcy to Field Scale

The straightforward generalization of the ADRE approach from the Darcy to the field
scale, represents large scale reactive transport by the combination of the macoscale
ADE (4.40) and average reaction rates that are formulated in terms of the mean species
concentrations
φ

∂ci (x, t)
+ q · ∇ci (x, t) − ∇ · Dm ∇ci (x, t) = φr [{cn }]
∂t

(4.65)

We encounter here the same conceptual issues as in the transition from the pore
to the Darcy scale. The average reactive transport description (4.40) is valid if the
species concentrations are uniform on the macroscopic REV, and mass transfer times
on the REV scale are much smaller than the characteristic reaction scale. If these
conditions are not fulfilled, the ADRE is only of limited applicability. In fact, it has
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been found that macroscale models of reactive transport misrepresent reaction rates in
heterogeneous media (e.g., Molz and Widdowson, 1988; MacQuarrie and Sudicky, 1990;
Ginn et al., 1995; Kapoor et al., 1997; Gramling et al., 2002). As pointed out above,
macrodispersion coefficients overestimate solute dispersion and simulate a homogeneity
of the transport system that is not real at practically relevant times (Kitanidis, 1994;
Kapoor and Kitanidis, 1998).
Recall that non-Fickian conservative transport observed at the macroscale is related
to the fact that concentration is not unique at the macroscopic support scale, or in
other words to mass transfer limitations on the support scale. As a consequence, the
evolution of average concentration shows memory effects and is quantified by nonlocal average transport models. Similar scale phenomena have been found for reactive
transport. The impact of chemical and physical heterogeneity may lead to large scale
reaction rate laws different from those at the local scale. For example, it has been found
that reactive transport under heterogenous local equilibrium adsorption properties may
be represented on the large scale as a kinetic sorption process (Espinoza and Valocchi,
1997; Dentz and Berkowitz, 2005; Dentz and Castro, 2009).
One may now be tempted to improve the macroscale ADRE along the same lines
as for conservative transport, and combine a non-local effective transport model for
the average species concentration with reaction rate laws formulated again in terms
of the average species concentrations. Even though such a formulation represents the
impact of heterogeneity on macroscale transport, it does not represent explicitly the
concentration variability at the support scale. Chemical reactions, just like solute
mixing, are intrinsically local phenomena, and depend in general on the local scale
species concentrations and their gradients.
Thus, also for crossing from the Darcy to the field scale, hybrid models are required
that represent the mean behavior of the species concentrations on one hand and that
can model explicitly variability in the local species concentrations on the other. As
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outlined above and in Section 4.3.2, both the multicontinuum approach (e.g., Lichtner
and Kang, 2007; Liu et al., 2008; Donado et al., 2009) and the stochastic-convective
approach (e.g., Ginn, 2001) have these attributes and have therefore been used for the
modeling of multispecies reactive transport in Darcy-scale heterogenous media.
The multicontinuum approach identifies a connected mobile primary continuum and
a suite of secondary continua characterized statistically by a distribution of physical and
chemical characteristics, as for example typical mass transfer times, porosity, reactive
surface areas and sorption coefficients. The mobile continuum is characterized by a
volume averaged mobile concentration that communicates with the fine scale secondary
continua through first-order or diffusive mass transfer. Reactive transport is solved for
the mobile and each immobile subdomain separately and the average concentrations
and reaction rates are determined in terms of the local species concentrations (Lichtner
and Kang, 2007; Willmann et al., 2010; Dentz et al., 2011a).
As discussed above, the stochastic-convective model distinguishes solute concentrations between the individual streamtubes, and thus represents small scale concentration
variability. In this approach reactive transport is solved for each individual streamtube (e.g., Ginn, 2001; Cirpka and Kitanidis, 2000; Seeboonruang and Ginn, 2006a,b),
and therefore local concentration fluctuations can be quantified in the overall reaction
behavior. Notice, however, that the streamtubes are typically not connected such that
transverse mixing between streamtubes is not represented. Therefore, global mixing
may actually be underestimated because concentration gradients between streamtubes
cannot be attenuated and therefore may impact on the prediction of the global reaction
behavior. Thus, while the macrodispersion approch may be considered a maximum dilution model (Kitanidis, 1994), the stochastic-convective approach represents a minimal
mixing model (Robinson and Viswanathan, 2003; Seeboonruang and Ginn, 2006a).
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4.5

Multiphase Flow

This section discusses scale effects in multiphase flow through porous media. We focus
on the simultaneous flow of two immiscible fluids in a rigid porous matrix. Fluid flow
is characterized by the fluid-solid and fluid-fluid interfaces. The presence of interfaces
between the fluids leads to phenomena different from the ones observed in single phase
flow.
On the pore scale, flow can be described by the Stokes equation (4.3) for each of
the two fluids. At the fluid-fluid interface, the flow velocities are continuous, while the
fluid pressures in each phase may be different (Marle, 1981), sustained by the surface
tension σ at the interface between the two fluids. For two fluids at rest in a capillary,
the interaction between the fluids and the solid walls gives the pressure difference at
equilibrium by the Young-Laplace equation as

∆p = σ

1
1
+
r1 r2


cos(θ),

(4.66)

where r1 and r2 are the curvature radii of the respective fluids. In a cylindrical capillary,
the radii r1 = r2 = r are equal to the capillary diameter. The contact angle θ (0 <
θ < π) is defined as the angle between the capillary wall and the interface between the
two fluids. It depends on the surface tensions between the liquids and the liquids and
the solid, which are related through the Young-Dupré equation (Bear, 1972; Sahimi,
2011). For θ < π/2, the fluid from whose side the angle is measured, is called wetting,
for θ > π/2 it is called non-wetting. As discussed in Bear (1972), contact angle and
interfacial tension depend in general on the direction the interface is moving (capillary
hysteresis).
As for single phase flow, coarse graining of the pore-scale flow problem is required
to derive effective flow descriptions for practically relevant temporal and spatial scales.
This has been undertaken by volume averaging (Hassanizadeh and Gray, 1990), homogenization theory (Bourgeat, 1997), and numerical pore scale flow modeling (Meakin
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and Tartakovsky, 2009). The Darcy scale two-phase flow problem then is described by
an extension of the Darcy equation for each fluid
qα = −

k
kr,α (∇pα − ρα g) ,
µα

(4.67)

where the subscript α denotes the fluid phase, ρα its density, pα its pressure, µα its
viscosity, and g is the downward pointing vector of gravity acceleration. Mass conservation for each fluid is described by
φ

∂Sα
+ ∇ · qα = 0,
∂t

(4.68)

where Sα denotes the saturation, or volumetric fraction of fluid phase α in the medium;
both fluids are assumed to be incompressible such that ρα = constant. Here we have
P
α Sα = 1. As pointed out in Bear (1972), this system of equations was proposed
by Wyckoff and Botset (1936) and Muskat (1937) as a generalization of the single
phase flow description in Darcy scale porous media. Equations (4.67)–(4.68) are complemented by constitutive relationships that relate the pressures in each of the two
fluids, and describe the relative saturation kr,α for each fluid. In the simultaneous flow
of two fluids, the pore space available for one fluid is limited due to the presence of the
other fluid, which therefore reduces its permeability. With this reasoning, relative permeability kr,α is related to fluid saturation Sα . An extensive discussion on the concept
of relative permeability and the dependence on fluid saturation can be found in (Bear,
1972).
Capillary pressure pc = pnw − pw denotes the difference between the pressures in
the wetting and non-wetting fluid phases. This concept is motivated by the pore-scale
interfacial pressure difference (4.66) between the two fluids. Capillary pressure is in
general related to fluid saturation, pc = pc (Sα ). As outlined on Marle (1981), for a
conic capillary the interface is spherical and fluid saturation may be uniquely related
to the interfacial pressure. This is not true anymore for porous media, which are
characterized by a complex pore geometry and a distribution of pore length scales.
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Capillary hysteresis and pore-scale heterogeneity lead to hysteresis effects in the capillary pressure-saturation relationship, which depends on whether the wetting fluid
displaces the non-wetting (imbibition curve) or vice-versa (drainage curve). Furthermore, notice that the Young-Laplace equation (4.66) describes the conditions at the
interface at equilibrium. Thus, the simple pc (Sα ) relationship may not be sufficient to
describe dynamic phenomena (Das and Mirzaei, 2012; Cueto-Felgueroso and Juanes,
2012). Thus, several authors proposed dynamic relationships between the phase pressures and saturations of the type (see Dahle et al., 2005, and references therein)


∂Sα
, Sα .
(4.69)
pnw − pw = pc (Sα ) + F
∂t
Marle (1981) discusses that (multi-)phase flow in porous media is mainly based on
phenomenological macroscale laws that describe fluid flow at the Darcy scale based on
macrocopic quantities such as fluid saturations and phase pressures. These laws then
are verified or challenged by experiments. This macroscopic approach is contrasted
to the microscopic approch that ideally understands porous media flow based on the
elementary laws of visous flow in a pore and from the laws of capillarity. At the time,
no serious study [had] yet been undertaken of the flow of several fluids. To date, volume
averaging and homogenization theory as well as pore-scale flow simulations have shed
new light on the foundations of the Darcy-scale multiphase flow description. Yet many
open questions remain (Das and Hassanizadeh, 2005; Cueto-Felgueroso and Juanes,
2012).
In the remainder of this section, we will focus on the quantification of large scale
two-phase flow in Darcy-scale porous media. We will rely on the description of twophase flow through equations (4.68) and (4.67) complemented by the static capillary
pressure-saturation relationship pnw − pw = pc (Sα ), and saturation dependent relative
permeability kr,α (Sα ). We first focus on the large scale description of two-phase flow in
moderately heterogeneous porous media. We present an approach based on stochastic
modeling of spatial heterogeneity, which render a non-local large scale flow model. The
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front roughening due to spatial heterogeneity can described here in terms of a flow
parameter similar to the macrodispersion coefficients discussed above. For transport
in strongly heterogeneous media with sharps contrasts in hydraulic conductivity such
as fractured media, we review multicontinuum and multirate mass transfer approaches.
We then consider the derivation of large scale two-phase flow models through dimensional reduction. Finally, we give an overview over the upscaling of convective mixing
in porous media.

4.5.1

Macrodispersion Two-Phase Flow Model

Spatial heterogeneities can lead to an increase in the interfacial area between two
fluids, and thus have an impact on the dissolution efficiency between fluid phases.
The spreading of the saturation distribution in a homogeneous and a heterogeneous
medium is illustrated in Figure 4.10. While the homogeneous model is characterized
by a constant saturation value along a cross-section, the heterogeneous model is characterized by a distribution of saturation values, and with larger interface length due to
heterogeneity-induced front roughening (Noetinger et al., 2004).
As discussed in Section 4.3.2, dispersive transition zones in solute transport problems have typically been characterized by spatial moments. Due to the qualitative similarity of heterogeneity-induced front roughening, similar approaches have been applied
to two-phase flow. Cvetovic and Dagan (1996) and Dagan and Cvetkovic (1996) used
Lagrangian perturbation theory in a stochastic modeling approach in order to determine the averaged cumulative recovery of the displacing fluid and the spatial moments
of the fluid distribution. They found that spatial heterogeneities cause a dispersive
growth of the second moment. Also Zhang and Tchelepi (1999) observed a dispersion
effect for horizontal immiscible displacement. Langlo and Espedal (1995) quantified the
heterogeneity-induced front dispersion with an effective dispersion coefficient. Their
approach was extended by Neuweiler et al. (2003) to quantify the dispersion coefficient
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Figure 4.10: Saturation distributions in (top) a homogeneous medium, and (bottom) a
heterogeneous medium. The displacing fluid is injected at the left boundary at constant
rate. Gravity and capillary effects are disregarded (after Bolster et al., 2009).
analytically, by Bolster et al. (2009) to include temporal fluctuations in the flow field,
and Bolster et al. (2011) to account for the impact of gravity and heterogeneity on front
spreading. Panfilov and Floriat (2004) use a homogenization approach to quantify the
front dispersion in a periodic medium.
In the following, we outline the stochastic-perturbative approach to the quantification of large scale flow in moderately heterogeneous media. As in the context of single
phase flow and transport, see Sections 4.2.2 and 4.3.2, the heterogeneous medium is
modeled as a realization of an ensemble of random media. A large scale flow equation
can then be derived by ensemble averaging of the flow problem. Perturbation theory
is used to relate the local scale fluctuations of hydraulic conductivity to the large scale
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flow formulation. Medium and fluid are incompressible so that porosity φ and phase
densities ρα are constant.
Quantities that refer to the wetting and non-wetting phases, in the following are
marked by the subscript w and nw, respectivley. Incompressibility and mass conserP
vation imply that the divergence of the total specific discharge Q = α qα is zero,
∇ · Q = 0. Eliminating qnw from Eq. (4.68) in favor of Q by using (4.67) gives the twophase flow problem in the fractional flow formulation (Bear, 1972) for the non-wetting
phase as




k∆ρnw g
k
∂Snw
+ ∇ · Qfnw (Snw ) −
gnw (Snw ) − ∇ ·
gnw (Snw )∇pc (Snw ) = 0,
∂t
µw
µw
(4.70)
where ∆ρnw = ρw − ρnw . We set φ = 1 for simplicity (which is equivalent to rescaling
time). The fractional flow function fnw (Snw ) and modified fractional flow function
gnw (Snw ) are defined by
fnw (Snw ) =

λnw (Snw )
,
λnw (Snw ) + λw (Snw )

gnw (Snw ) = kr,w (Snw )fnw (Snw ).

(4.71)

where the phase mobilites are defined by λα = kr,α /µα . Notice that equation (4.70)
may be considered a non-linear advection-dispersion equation for the phase separation,
in which the second term on the left side represents non-linear advection, the second
term non-linear dispersion.
For simplicity, we disregard gravity and set capillary pressure constant in the following. Equation (4.70) then simplifies to the Buckley-Leverett equation
∂Snw
+ Q · ∇fnw (Snw ) = 0,
∂t

(4.72)

For constant capillary pressure, the total flow velocity Q satisfies the Darcy equation
Q = −kΛ(Snw )∇pnw ,

Λ(Snw ) =

kr,nw (Snw ) kr,w (Snw )
+
.
µnw
µw

(4.73)

We focus on the steady displacement of the wetting by the non-wetting as illustrated
in Figure 4.10. The total flux at the inflow boundary is prescribed as Q = Q0 e1 ,
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where e1 is the unit-vector in 1–direction. It can be decomposed into its imposed mean
and fluctuations about it, Q(x) = Q0 e1 + Q0 . Substituting the flux decomposition
into (4.72), the local scale saturation equation reads as
∂Snw (x, t)
∂fnw (Snw )
+ Q0
+ Q0 · ∇f (Snw ) = 0.
∂t
∂x1

(4.74)

In analogy to the decomposition of total discharge and permeability, we assume that
the saturation can be decomposed into its ensemble average S nw and fluctuations about
0
it Snw = S nw + Snw
. Furthermore, assuming that the saturation fluctuations are small,

the fractional flow function can be expanded about its mean as f (Snw ) = f (S nw ) +
df (Snw ) 0
Snw
dSnw

+ . . . . Using these decompositions in (4.74) and subsequently performing

the ensemble average gives the large scale flow equation
∂S nw
df (S nw )
∂fnw (S nw )
0
+ Q0
= −∇ · Q0 Snw
.
∂t
∂x1
dS nw

(4.75)

The flux term on the right side depends on the local scale fluctuation of the total flow
velocity and phase saturation, and therefore it is not closed. However, by subtracting the average equation (4.75) from the local scale equation (4.75) and disregarding
contributions that are quadratic or higher order in the fluctuations, one obtains the
following equation for the fluctuations of the phase saturations
0
∂Snw
∂ dfnw (S nw ) 0
+ Q0
Snw = −Q0 · ∇fnw (S nw ).
∂t
∂x1 dS nw

(4.76)

0
This is a linear, closed form equation for Snw
that is based on disregarding higher-

order fluctuations of flow velocity and saturation. Therefore, the large scale flow equation (4.75) is closed perturbatively here. Notice, that in the previous section, the
Dupuit approximation has been used to close the vertically averaged large scale flow
problem.
The linear equation (4.76) can be solved in terms of the associated Green’s function
G(x, t|x0 , t0 ), which solves (4.76) for the initial condition G(x, t|x0 , t0 ) = δ(x−x0 ). Thus,
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0
the expression
we obtain for Snw

0
Snw

Zt
=−

0

Z

dt



dx0 G(x, t|x0 , t0 )Q0 (x0 ) · ∇0 f S nw (x0 , t0 ) ,

(4.77)

0

Inserting (4.77) into (4.75), gives a closed form large scale equation for the average
saturation that can be written as the spatially and temporally non-local non-linear
advection-dispersion equation
∂f (S nw )
∂S nw
+ Q0
−∇·
∂t
∂x1

Zt

0

dt
0

Z

dx0



df (S)
k(x, t|x0 , t0 )∇0 f S nw (x0 , t0 ) = 0.
dS nw (x, t)
(4.78)

The impact of the local scale flow fluctuations, and therefore the impact of heterogeneity on large scale flow, is encoded in the kernel function
kij (x, t|x0 , t0 ) = Q0i (x)G(x, t|x0 , t0 )Q0j (x0 ).

(4.79)

Equation (4.78) has a similar structure as (4.70). However, while in (4.70) the (nonlocal) dispersive flux term originates from the presence of capillary pressure, here it
comes from spatial heterogeneity on the Darcy scale. As outlined previously, non-local
fluxes typically occur when averaging. The non-linear character of the two-phase problem is preserved during the upscaling excercise. However, in order to close the large
scale flow problem, the non-linearity is quasi-decoupled in (4.76) by using perturbation
theory, so that S 0 can be related to the large scale saturation through the Green’s function G. Explicit expressions for G can be found in Neuweiler et al. (2003) and Bolster
et al. (2009).
In order to quantify the dispersion of the displacement front, Neuweiler et al. (2003)
equate the non-local flux term on the right side of (4.78) to
Zt

0

dt
0

Z

dx0





df (S nw )
k(x, t|x0 , t0 )∇0 f S nw (x0 , t0 ) ≡ D∗ (t)∇f S nw (x, t) ,
dS nw (x, t)
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(4.80)

which defines the dispersion tensor D∗ (t). A perturbation theory calculation (Neuweiler
et al., 2003; Bolster et al., 2009) then gives the following compact expression for the
macrodispersion coefficient in flow direction
∗
D11

ZQ0 t
dx1 C11 (x1 ),
= σY2 Q20

(4.81)

0

where C11 denotes the correlation function of Q01 . It may be approximated by the
corelation function for single phase flow as outlined in Neuweiler et al. (2003) and Bolster et al. (2009). Figure 4.11 illustrates the evolution of the front spreading obtained
from numerical solution of the two-phase flow problem (4.72) and the analytical expression (4.81).
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Figure 4.11: Temporal behavior of the dispersion coefficient (4.81) and the evolution of
the front width obtained from the numerical solution of the heterogeneous two-phase
problem for a Gaussian and Delta autocorrelation functions with σY2 = 0.5, normalized
by the long-time asymptotic value of (4.81) from (after Bolster et al., 2009).
In summary, the stochastic perturbative approach yields a large scale two-phase flow
equation that is characterized by a non-local and non-linear dispersive flux term. The
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impact of heterogeneity in permeability leads to a roughening of the interface between
the two fluids that can be described by an effective dispersion coefficient. It needs to be
noted that dispersion here does not describe mixing, or blending, of the two immiscible
fluids, but purely heterogeneity-induced spreading. Thus, the dispersion coefficient and
the related interface width serve rather as bulk measure for the interface length.

4.5.2

Multicontinuum Two-Phase Flow Model

The multicontinuum approach for two-phase flow in highly heterogeneous media is in
line with the ones reported in Sections 4.2.2 and 4.3.2 for single phase flow and transport, respectively. We consider a highly heterogeneous medium of the type illustrated
in Figure 4.3 with clearly delineated mobile and immobile flow regions.
The invading fluid now is the wetting and the displaced the non-wetting phase. We
formulate the two-phase flow problem in terms of the saturation of the wetting phase,
which here is denoted by S = Sw . The two-phase flow problem in the fractional flow
formulation reads in terms of the wetting fluid phase as




∂S
k
k∆ρw g
+ ∇ · Qfw (S) −
gw (S) + ∇ ·
gw (S)∇pc (S) = 0,
φ
∂t
µnw
µnw

(4.82)

where ∆ρw = ρnw − ρw . The fractional flow function fw (S) and modified fractional
flow function gw (S) for the wetting phase are defined by
fw (S) =

λw (S)
,
λw (S) + λnw (S)

gw (S) = kr,w (S)fw (S).

(4.83)

It is assumed that flow within the matrix blocks is mainly capillary dominated, this
means viscous and gravity forces are subdominant in the immobile regions. Parameters,
parameter functions and observables that refer to the fracture domain in the following
are marked by subscript f , their matrix counterpart by subscript m. Thus, the flow
equation (4.82) in the fracture domain reads as




∂Sf
kf ∆ρw g
kf
φf
+ ∇ · Qf fw (Sf ) −
gw (Sf ) + ∇ ·
gw (Sf )∇pc,f (Sf ) = 0, (4.84)
∂t
µnw
µnw
63

For the matrix domain, one obtains from (4.82) by disregarding viscous and and gravity
forces


∂Sm
km
φm
+∇·
gw (Sm )∇pc,m (Sm ) = 0.
∂t
µnw

(4.85)

The conditions at the interface are continuity of flux and pressure, which are expressed
by
kf gw (Sf )nf m · ∇pc,f (Sf ) = km gw (Sm )nf m · ∇pc,m (Sm ),

(4.86)

pc,f (Sf ) = pc,m (Sm )

(4.87)

for x ∈ ∂Ωf m , where ∂Ωf m denotes the fracture-matrix interface, and nf m the unit
vector perpendicular to the interface.
Using a multiscale expansion, Tecklenburg et al. (2013) derive the following large
scale flow model for the (volume) averaged saturation S f




∂S f
ϕf kf ∆ρw g
ϕf kf
ϕf φf
+ ∇ · ϕf Qf fw (S f ) −
gw (Sf ) + ∇ ·
gw (S f )∇pc,f (S f )
∂t
µnw
µnw
∂S m
− ∇ · ϕf D∗ ∇fw (S f ) = −ϕm φm
,
(4.88)
∂t
where Qf is the average total flow in the facture domain. As in Section 4.2.2, ϕf and ϕm
denote the volume fractions of the fracture and matrix domains. The macrodispersion
tensor D∗ can be identified with the one defined in (4.80). The average saturation
S m in the matrix domain is given by the volume average of Sm , which is determined
from (4.85) with the boundary condition
pc,m (Sm ) = pc,f (S f )

(4.89)

for y ∈ ∂Ωm ; ∂Ωm denotes the boundary of the matrix domain, and y the position
vector in the coordinate system attached to the matrix domain.
The closed system of equations constituted by equations (4.85) with the boundary
condition (4.89) and (4.88) constitute the multicontinuum large scale flow model for
64

the average fracture saturation S f . Note that the resulting flow model depends on the
non-linear diffusion properties between the mobile and immobile zones as expressed
by (4.85) and (4.89). Thus, we seek to simplify the capillary diffusion problem (4.85)
thus and relate it back to the single phase flow problem. To this end, we expand (4.85)
in the form
φm

∂Sm
− ∇y · [Dc0 ∇y Sm ] = 0,
∂t

Dc0 =

km
dpc,m (Sm )
gw (Sm )
,
µnw
dSm

(4.90)

where Dc0 represents the non-linear capillary diffusion coefficient (McWorther and
Sunada, 1990). We approximate Dc0 by a suitably chosen constant value such that
Dc0 = Dc = constant (Tecklenburg et al., 2013). This approximation may appear quite
drastic. However, we are not so much interested in the distribution of saturation inside
the immobile region, as in the average matrix saturation S m . Schmid and Geiger (2012)
determined the characteristic time scale τc for capillary diffusion into a matrix block of
typical size `m in terms of the capillary flow properties within the matrix. Thus, the
constant average capillary diffusion coefficient can is estimated as Dc = `2m /(2τc ). With
this simplification, (4.70) reduces to a linear diffusion equation that can be solved by
the method of Green’s functions. As a matter of fact, the immobile flow problem is
similar to the corresponding matrix problems for single phase flow transport, with the
difference that the diffusion coefficient Dc here is determined from the capillary flow
properties in the matrix, and that the matrix saturation at the boundary of the matrix
domain is given implicitly in terms of the average fracture saturation by (4.89).
For a uniform initial saturation Sm0 inside the matrix, Sm can be determined in
terms of the Green’s function that solves the diffusion problem (4.90) in the matrix
domain for a unit Delta pulse on the matrix boundary. The case of heterogeneous
distributions is detailed in Tecklenburg et al. (2013). Finally, one obtains for the
average saturation in the immobile zones
Zt
Zt
S m = Sm0 − Sm0 dt0 gm (t0 ) + dt0 gm (t − t0 )Smb (t0 ).
0

0
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(4.91)

where we defined the boundary saturation Smb from (4.89) as Smb = p−1
c,m [pc,f (S f )]. Inserting this expression into (4.88) gives a single equation large scale flow model (Geiger
et al., 2013; Tecklenburg et al., 2013)


∂S f
ϕf kf ∆ρw g
ϕf φf
+ ∇ · ϕf Qfw (S f ) −
gw (Sf )
∂t
µnw


ϕf kf
gw (S f )∇pc,f (S f ) − ∇ · ϕf D∗ ∇fw (S f ) = Γ(t),
+∇·
µnw

(4.92)

where the source term Γ(t) is given by
d
Γ(t) = −ϕm φm
dt

Zt

dt0 gm (t − t0 )Smb (t0 ) + ϕm φm Sm0 gm (t).

(4.93)

0

In the absence of capillary and gravity forces in the fracture, and for a linear fractional
flow function fw (S w ) = S w , the large scale flow model is equal to the corresponding
MRMT solute transport model.
The large scale model (4.88) can be readily generalized to account for a distribution
of immobile continua characterized by different geometries and hydraulic properties. In
P
this case, the source term Γ(t) is generalized to Γ(t) = i ϕm,i φm,i gm,i (t), where ϕm,i
and φm,i are volume fraction and porosity of the ith immobile continuum. The memory
functions gm,i (t) quantify the mass exchange between the ith immobile continuum and
the mobile continuum.
Multicontinuum models have been used for the large scale modeling of unsaturated
flow and for the simulation of water-oil diplacement for simulating oil recovery from
fractured reservoirs. For the modeling of unsaturated flow, Simunek et al. (2003) and
Gerke (2006) distinguish multi-permeability and multi-porosity approaches. In the
former, all the continua, characterized by different hydraulic properties, are mobile,
and connected through a mass transfer term, while the latter distinguish a mobile and
a set of immobile continua. In the oil and gas community such models are termed dualpermeability and dual-porosity models, respectively (Kazemi et al., 1976). Di Donato
et al. (2007) present a multirate mass transfer model that has certain similarities with
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the one described above. These authors consider first-order mass transfer between the
fracture and the matrix, similar to the one reported in Section 4.2.2. It is assumed,
however, that the mass flux between the fracture and matrix domains is independent
on the fracture saturation, but depends only on the difference between the maximum
matrix saturation and the actual saturation.

4.5.3

Vertically Integrated Models

Vertically integrated large scale models seek to simplify the full two-phase flow problem
and express the large scale flow problem in terms of the vertically integrated observables. This implies the projection, or compression of the original dynamic equation,
and subsequent modeling of flux terms that are in general depend on the small scale
details of the flow problems. This is a well-known problem in flow and transport upscaling. The macrodispersion approach reported above for the two-phase flow problem,
and in Section 4.3.2 for transport, models the non-local flux terms by the macrodispersion closure u0 c = Dm ∇c, where u0 is a velocity fluctuation, Dm a macroscale
dispersion tensor, and c an average concentration. The multicontinuum approaches for
flow and transport detailed above and in Sections 4.2.2 and 4.3.2 represents the fluxes
between the small and large scales through a memory function that is determined by
the solution of the small scale flow or transport problem.
Large scale averaged models do not resolve variability along the vertical, which,
however, is needed to model the fluxes and relate them to the large scale variables.
Nordbotten and Celia (2012) provide an approach based on compression and reconstruction of features, which we want to briefly summarize in the following. These
authors employ an heterogeneous multiscale method, which provides a methodological
framework to relate the incomplete large scale, or coarse scale model to the small scale,
or fine scale model and thus close the coarse scale description. This approach defines
a compression operator C, that projects the fine scale on the coarse scale variables,
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and a reconstruction operator R that approximates the fine scale variable based on the
coarse variable. Consistency requires that CR = I with I the identity operator. The
reverse is in general not true, RC =
6 I because the reconstruction in general provides
an approximation to the true fine scale variable.
The compression operator C may represent a spatial integration, or projection of a
characteristic value of the small scale variable. The former applies in the definition of
coarse scale phase saturation
ZζT
S α = CSα Sα =

dx3 Sα .

(4.94)

ζB

In the following, the subscript marks the variable to which compression and reconstruction are applied. The reconstructed saturation is denoted by
Ŝα = RSα S α .

(4.95)

For the compression of pressure the second option applies. As emphasized by Nordbotten and Celia (2012), pressure is not an additive quantity, and it is in general not
a independent on the vertical position. It is assumed for the following that the Dupuit
assumption is valid, this means that flow is predominantly horizontal, e3 · qα ≈ 0.
Coarse phase pressure is defined by projection as
pα = Cpα pα = pα (x3 = ζ0 )

(4.96)

with ζ0 a reference height. The reconstruction operator Rpα is obtained immediately
as
Rpα pα = pα − ρα g(x3 − ζ0 ).

(4.97)

For simplicity, we consider a domain with horizontal bottom and top boundaries at
x3 = ζB and x3 = ζT . Vertical averaging of (4.68) gives
φS α + ∇k · qα = 0,
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(4.98)

where zero flow is assumed at the horizontal boundaries, and porosity φ is assumed to
P
be constant. The coarse phase saturations satisfy α S α = 1. The subscript k denotes
the horizontal direction. The fine scale flux qα is given by (4.67). Notice that (4.98)
is not closed because qα depends on the fine scale saturations through relative permeability kr,α . The equation can be closed subject to a suitable saturation reconstruction,
such that the fine scale saturation can be related to the coarse saturation via (4.95).
Nordbotten and Celia (2012) derive a reconstruction operator based on the Dupuit
reconstruction (4.97) and the saturation dependence of capillary pressure. Based on a
unique relation between capillary pressure and saturation, one may write
Sα = p−1
c (pnw − pw ).

(4.99)

Using the Dupuit reconstruction (4.97), the pressure difference between the non-wetting
and wetting fluids can be approximated by pnw − pw ≈ pnw − pw − (ρnw − ρw )g(x3 − ζ0 ).
This gives the reconstructed saturation as
Ŝα = p−1
c [pnw − pw − (ρnw − ρw )g(x3 − ζ0 )] .

(4.100)

The compression of the reconstructed phase saturation Ŝα gives the coarse saturation
S α = CSα Ŝα = CSα p−1
c [pnw − pw − (ρnw − ρw )g(x3 − ζ0 )] .

(4.101)

This follows from the consistence requirement mentioned above. The coarse saturation
can be shown (Nordbotten and Celia, 2012) to be monotone and invertible in the
pressure difference pnw − pw , such that a coarse capillary pressure can be defined as
pc (S α ) = pnw − pw .

(4.102)

Thus, capillary pressure can be reconstructed as a function of the coarse phase saturation as
p̂c (Ŝα ) = pc (S α ) − (ρnw − ρw )g(x3 − ζ0 ),
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(4.103)

and therefore, the reconstruction of the phase saturation Ŝα can now be related to the
coarse phase saturation through


Ŝα = RSα S α ≡ p−1
p
(S
)
−
(ρ
−
ρ
)g(x
−
ζ
)
.
α
nw
w
3
0
c
c

(4.104)

The coarse grained Darcy flux q α can then be written in terms of the coarse grained
variables as (Nordbotten and Celia, 2012)
ZζT

ZζT
dx3 ek · qα =

qα =
ζB

dx3 k

kr,α (RSα S α )
∇k Rpα pα .
µα

(4.105)

ζB

One may now define the integrated permeability and coarse scale mobilities as
ZζT
k=

dx3 k,

λα (S α ) = k

−1

ZζT
dx3 k

kr,α (RSα S α )
.
µα

(4.106)

ζb

ζB

Thus, the equation for the coarse saturation S α now reads as
φ



∂S α
− ∇k · k λα (S α )∇k pα = 0.
∂t

(4.107)

This equation, together with the coarse capillary pressure pc (S α ) constitute a closed
large scale flow model for the coarse phase saturations. This particular model assumes
vertical equilibrium. Nordbotten and Celia (2012) discuss simplified models derived
from this approach, and also consider generalizations that relax the assumptions of
vertical equilibrium, and immiscibility, and incompressibility of the two fluids.

4.5.4

Convective Mixing

The previous sections described modeling approaches to quantify the large scale features of the flow of two immiscible fluids. In this section, we consider the mixing of
the phases due to dissolution at the interface and the subsequent occurrence of convective instabilities. Dissolution of CO2 in the formation water, and possible subsequent
geochemical reactions are mechanisms that increase the storage safety. After injection, the buoyant CO2 will spread and migrate laterally as a gravity current relative to
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the denser ambient brine. As CO2 migrates, dissolution takes place in the interphase
with the brine. The CO2 -brine mixture is denser than either of the pure fluids which
results in an unstable density stratification. This configuration of fluids triggers a
Rayleigh-Bénard hydrodynamic instability known as convective mixing that enhances
the dissolution of CO2 .
Onset of convection The time for the onset of convection is a critical factor in
the CO2 dissolution problem. At the critical time convection starts to dominate over
diffusion and dissolution grows. The dissolution of CO2 on top of the formation water leads to an unstable boundary-layer problem analogous to the one found when
a fluid is overlaid by a cold boundary (Rees et al., 2008). Following this analogy,
CO2 dissolution is conceptualized in a semi-infinite domain with an impervious top
boundary, at which concentration is prescribed equal to CO2 solubility. The brine is
assumed incompressible, the Boussinesq approximation valid and the porous medium
homogeneous.
φµ 2
Under these assumptions, the critical time tc ∝ D( k∆ρg
) (Riaz et al., 2006; Hassan-

zadeh et al., 2007). The coefficient of proportionality depends on the specific stability
analysis method. Dominant mode analysis (Ben et al., 2002; Riaz et al., 2006) gives the
largest coefficients, and methods which use a white noise initial condition (Foster, 1965;
Caltagirone, 1980; Ennis-King and Paterson, 2005) the lowest. It is found (Slim and Ramakrishnan, 2010) that instabilities only happen for Rayleigh-Darcy numbers R larger
than 32.5. The obtained critical time is layer-thickness dependent for 32.5 < R < 75.
This limitation disappears if the underlying fluid is allowed to cross the top boundary.
All the stability analysis methods overestimate the time for the onset of convection Slim
and Ramakrishnan (2010) which can be attributed to the use of physically unrealistic
perturbations (Daniel et al., 2013; Tilton et al., 2013).
The time for the onset fo convection is also very sensitive to the conceptual model.
More realistic models that include heterogeneity in the permeability field (Xu et al.,
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2006; Rapaka et al., 2009) or hydrodynamic dispersion (Hidalgo and Carrera, 2009)
predict shorter times for the convection to appear. However, when chemical reactions
that consume carbon are taken into account (Andres and Cardoso, 2011; Ghesmat
et al., 2011), the time for the onset of convection increases because the boundary layer
stabilizes.
Convective mixing and characteristic scales Once convection has developed,
the flow is characterized by a fingering pattern as illustrated in Figure 4.12. The dissolution rate during this regime is approximately constant and larger than the one due
to purely diffusive dissolution (Kneafsey and Pruess, 2010). A heuristic analysis of the
system suggests that the dissolution flux should be scale free, that is, independent of
the Rayleigh number Ra (Hidalgo and Carrera, 2009; Slim and Ramakrishnan, 2010).
Numerical simulations in 2D (Riaz et al., 2006; Hidalgo and Carrera, 2009) and 3D
(Pau et al., 2010) support this hypothesis. However, experimental data obtained using analogue fluid systems suggest a Ra4/5 scaling of the dissolution fluxes (Neufeld
et al., 2010; Backhaus et al., 2011). The scaling of the dissolution fluxes can be studied
through the evolution of the scalar dissipation rate, a magnitude often easier to compute. This method shows that, when the Darcy-Boussinesq model is assumed, there is
no dependence of the dissolution flux on Ra (Hidalgo et al., 2012). Similar results have
been obtained for 3D simulations (Fu et al., 2013). Therefore the observed non-linear
scaling has yet to be explained using effects not present in the traditional model.
Dissolution flux plays a major role in the large scale dynamics of CO2 migration. As
the CO2 dissolves in the system, the buoyant gravity current slows down and eventually
is totally arrested (MacMinn and Juanes, 2013). The behavior of the convection-driven
dissolution fluxes presents an intermittent behavior linked to finger growth and merging
(Slim et al., 2013). Ultimately, the dissolution flux decreases as the system becomes
saturated (Hidalgo et al., 2013). The nature of the convection shutdown depends on
the system considered. For 2D box models the flux decays as ≈ t−(n+1)/n where n is an
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Figure 4.12: Log dissolution flux versus log-time in arbitrary dimensionless units
displaying the three main stages of CO2 dissolution. At the begining CO2 dissolves
into brine through diffusion. The flux decays as t−1/2 . After the onset of convection the
dissolution flux increases sharply. Convection dominated flux remains constant until
the underlying brine saturates and the CO2 flux is shutdown. The three insets show
snapshots of the CO2 -brine system representative of the three regimes.
exponent that characterizes the dependence of density with the concentration (Hewitt
et al., 2013). However if the dynamics of the CO2 gravity current is considered flux,
decays first diffusively and later sub-diffusively (Szulczewski et al., 2013).
Heterogeneity and chemical reactions have an impact on dissolution. The presence of horizontal obstacles in the aquifer decreases the magnitud of dissolution fluxes
(Elenius and Gasda, 2013). The magnitude of the reduction depends on the size and
distribution of the barriers. Moderate chemical reactions inhibit finger growing but
favor tip splitting. This enhances convection and increases the dissolution flux. With
increasing efficiency of chemical reactions, finger formation is suppressed and dissolution is controlled by diffusion (Andres and Cardoso, 2012).
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