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Abstract18

In this work, we study gravity-driven flow of water in the presence of air on a synthetic19

surface intersected by a horizontal fracture and investigate the importance of droplet and20

rivulet flow modes on the partitioning behavior at the fracture intersection. We present21

laboratory experiments, three-dimensional smoothed particle hydrodynamics (SPH) simu-22

lations using a heavily parallelized code, and a theoretical analysis. The flow-rate-dependent23

mode switching from droplets to rivulets is observed in experiments and reproduced by24

the SPH model, and the transition ranges agree in SPH simulations and laboratory experi-25

ments. We show that flow modes heavily influence the “bypass” behavior of water flowing26

along a fracture junction. Flows favoring the formation of droplets exhibit a much stronger27

bypass capacity compared to rivulet flows, where nearly the whole fluid mass is initially28

stored within the horizontal fracture. The effect of fluid buffering within the horizontal29

fracture is presented in terms of dimensionless fracture inflow so that characteristic scal-30

ing regimes can be recovered. For both cases (rivulets and droplets), the flow within the31

horizontal fracture transitions into a Washburn regime until a critical threshold is reached32

and the bypass efficiency increases. For rivulet flows, the initial filling of the horizontal33

fracture is described by classical plug flow. Meanwhile, for droplet flows, a size-dependent34

partitioning behavior is observed, and the filling of the fracture takes longer. For the case35

of rivulet flow, we provide an analytical solution that demonstrates the existence of classi-36

cal Washburn flow within the horizontal fracture.37

1 Introduction38

In unsaturated rocks, gravity-driven flow on fracture walls and in fracture networks46

can lead to the formation of vertical preferential flow paths [Nimmo, 2012; Faybishenko47

et al., 2015]. Along such flow paths, intersections with sub-vertical fractures form critical48

relay points, which control the partitioning behavior into the adjacent fracture(s) [Wood49

et al., 2002; LaViolette, 2003; Ji et al., 2006; Nicholl and Glass, 2005]. Depending on the50

geometry, intersections may act as temporary capillary barriers and induce pulsating flows.51

This has been shown for orthogonal quasi two-dimensional fracture networks with slightly52

irregular geometry [Glass et al., 2003], and well-controlled orthogonal cross sections with53

perturbations of the geometry (vertical and horizontal offsets, detritus at the intersection54

center) [Wood et al., 2005]. The authors found that for most flow rates a capillary barrier55

is established at the intersection, which channels water into the the perpendicular fractures.56
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Figure 1. Conceptual model for the occurrence of preferential unsaturated flow in fractured media with

a focus on wide aperture vertical flow paths intersected by sub-vertical fractures. Based on concepts for

recharge through dissolution shafts in karst systems [Gunn, 1981; Williams, 2008], unsaturated flow in

widened fractures [Dahan et al., 1999, 2000], flow through talus and leaching of waste rock deposits [Toku-

naga et al., 2005; Trinchero et al., 2011], rapid vertical recharge through fault zones [Bodvarsson et al., 1997;

Liu et al., 2004], and simplified orthogonal structure of fracture systems [Barenblatt et al., 1960; Dershowitz

and Einstein, 1988; Guarracino, 2006].
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The capillary barrier is breached once the water height in the vertical fracture above the57

intersection reaches a critical value, and water is then released into the vertical fracture58

below the intersection. At higher flow rates a continuous rivulet (or tendril) between upper59

and lower vertical fracture is established and a steady flow regime can be observed.60

The accumulation and release of water results in pulsating flows with magnitudes61

of temporal outflow fluctuations much higher than dripping dynamics in individual frac-62

tures alone can explain [Su et al., 1999], highlighting the importance of fracture intersec-63

tions (specifically the sub-vertical fractures) as potential storage zones. Furthermore, the64

partitioning process at fracture intersections leads to flow focussing or splitting [Wood65

et al., 2005; Wood and Huang, 2015], which essentially controls the lateral and vertical66

dispersion characteristics of preferential flow paths (zones) [Glass and LaViolette, 2004].67

Hence, the analysis of flow partitioning at fracture intersections can ultimately lead to the68

interpretation and understanding of large-scale vertical flow structures. While intersections69

can act as flow integrators and, therefore, lead to large-scale convergence with increasing70

depth, they can also work against convergence due to flow path splitting.71

Previous research in this field has mainly focussed on rather small aperture fractures72

ranging from sub-millimeter size [Glass et al., 2003; Ji et al., 2004, 2006; Nicholl and73

Glass, 2005] dominated by capillary forces, over scales around 0.7 mm at the capillary-74

inertial transition [Wood et al., 2002, 2005], and larger apertures or free fracture surfaces75

within the inertial-dominated regime [Tokunaga and Wan, 1997, 2001; Dragila and Weis-76

brod, 2004; Tartakovsky and Meakin, 2005a; Huang et al., 2005; Liu et al., 2007]. Field77

evidence suggests the existence of wide fractures with apertures of several millimeters in78

many geological systems (see Fig. 1 and references therein). In contrast, flows in vertical79

wide aperture fractures are not bounded by a second surface and dominated by gravita-80

tional forces, which gives rise to various flow modes ranging from droplets, over rivulets81

to (wavy) films with increasing flow rates [Ghezzehei, 2004; Dragila and Weisbrod, 2003].82

While for small aperture fractures, specifically with orthogonal geometry, capillary83

barriers and flow pulsation are the dominating processes, for wide aperture systems sub-84

vertical fractures provide a storage, which may not trigger flow fluctuation. Instead water85

is metered into the sub-vertical fracture until flow converges into a steady-state, and out-86

flow fluctuations are entirely due to the flow fragmentation on the vertical surface (snap-87

ping droplets, rivulets). As demonstrated in this work, the partitioning at the fracture in-88
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tersection is strongly dominated by flow modes. Despite the efforts made by previous re-89

searchers to understand the mechanistic details of the partitioning and the bulk behavior90

for small aperture systems mainly in terms of geometry, to the best of our knowledge, the91

relation between unsaturated gravity-driven flow mode and the dynamics of flow partition-92

ing have not yet been demonstrated for wide aperture systems and longer time scales.93

Numerical models for this specific class of fluid flow problems have to resolve var-94

ious processes, including the complex evolution of fluid-air interfaces, formation of sin-95

gularities (e.g., droplet breakups), flow mode switching, and dynamic contact angles. La-96

grangian methods, such as smoothed particle hydrodynamics (SPH), provide a meshfree97

discretization of the Navier-Stokes equations. Other Lagrangian methods, including dis-98

sipative particle dynamics (DPD) [Hoogerbrugge and Koelman, 1992] and molecular dy-99

namics (MD) [Alder and Wainwright, 1959], also have been used to model fluid flow. Un-100

like mesoscale (DPD) and microscale (MD) methods, SPH is a “macroscopic” method.101

Due to the Lagrangian framework properties, SPH has several advantages, specifically in102

the case of free surface flow dynamics, i.e., for simulation domains that are only sparsely103

populated with a fluid phase. For example, momentum, mass, and energy are explicitly104

conserved [Monaghan, 1982]; multiphase interfaces are clearly represented by individual105

particles and do not require front-tracking algorithms [Wang et al., 2016]; free surfaces106

(fluid-gas interfaces) can be easily modeled, saving computational resources [Sigalotti107

et al., 2006]; physical phenomena, such as surface tension and contact angle, naturally108

arise from pairwise particle interactions [Tartakovsky and Meakin, 2005a; Kordilla et al.,109

2013; Tartakovsky and Panchenko, 2016]; and the non-linear advection term is absent in110

the Lagrangian method for the momentum conservation equation [Monaghan, 2005].111

This work focuses on the specific case of flow along a vertical free surface, con-112

nected to a horizontal wide aperture fracture (2.5 mm). As we do not consider exchange113

with the porous matrix, redistribution or partitioning under dynamic flow conditions can114

only occur within a connected fracture element. According to the previously introduced115

force balance estimates, free surface flow in the vertical fracture is dominated by the grav-116

itational forces, leading to the formation of droplets and rivulets. In contrast, in the hori-117

zontal fractures, the capillary forces are expected to dominate. To our knowledge, this is118

the first experimental and numerical investigation of flow in a vertical fracture intersected119

by a horizontal fracture at timescales sufficiently long to study the travel time distribution.120

The main objective of this work is to identify parameters that affect flow partitioning dy-121
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namics of such flows. The Reynolds numbers (Re) in our experiments are in the upper122

range of Re usually observed in the field. Therefore, the observed travel times correspond123

to the the lowermost spectrum of the travel time distribution. For constant inflow condi-124

tions, the effect of flow mode formation on the non-equilibrium volumetric outflow rate is125

numerically studied with both a new massively parallel three-dimensional SPH code and126

laboratory experiments that serve as a validation for our new SPH code. The efficiency of127

horizontal fracture imbibition, i.e., the bypass behavior, is shown to depend on the type of128

flow mode that prevails on the vertical fracture surface. Furthermore, our setup permits129

investigating the effect of a horizontal fracture, which takes the role of a storage compo-130

nent, until steady-state flow is reached. We also provide an analytical solution and demon-131

strate the temporary existence of characteristic plug flow and Washburn-type flow [Bell132

and Cameron, 1906; Washburn, 1921] regimes.133

2 Methods134

2.1 Laboratory setup135

Here we describe our laboratory setup for the two main experiments, carried out to136

study the partitioning behavior of flow along a vertical surface intersected by a horizon-137

tal fracture. Parts of the setup are used for the validation studies as well. Details of the138

laboratory equipment and materials are provided and the general experimental setup is il-139

lustrated in Figure 2.140

2.1.1 Single-inlet partitioning dynamics141

With the first experiment we investigate the process of fractionation for a single tube142

inlet and cubes separated by a distance spacer with a thickness of df = 2.5 mm. At this143

spacing, the fractionation process at the intersection between horizontal fracture and ver-144

tical surface is controlled by a complex interplay of inertia and capillary forces, i.e., the145

prevailing flow mode. Distilled water is injected at the top of the upper cube (shown in146

Fig. 2), such that an immediate capillary connection is established. Flow rates are varied147

in the range of 1.5–4.5 mL min−1 at an interval of 0.1 mL min−1. Each experiment is run148

for 90 s, and the ratio of injected to total water mass leaving the system is recorded. We149

carry out 10 experiments at each flow rate and obtain the ensemble average.150
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2.1.2 Multi-inlet partitioning dynamics151

For the second experiment the previous single-inlet experiments are extended to in-152

crease the number of injection points. Two different fluid injection schemes are chosen,153

so the resulting flow modes are either mainly in the droplet or rivulet regime. This al-154

lows us to examine the short and long timescale partitioning dynamics until steady state155

is reached (i.e., the horizontal fracture is completely filled) and to reduce the variance in156

outcomes because of the higher number of streams per experiment (a higher number of157

inlets helps to homogenize the influence of erratic droplet flow velocities within each inlet158

stream path).159

In the first injection scheme, the laboratory setup consists of 15 injection points160

(here referred to as “point-wise” or “localized injection”) equally distributed along the161

top of the upper cube with a total flow rate of 37.5 mL min−1, i.e., the dominating flow162

mode within each flow path is droplet flow (see Fig. 9, left). The cubes are separated by a163

distance of 2.5 mm. During the experiments, the accumulated fluid mass that reaches the164

bottom of the system is measured using the digital scale. The second injection scheme is165

created by reducing the number of injection points to six and keeping the same total flow166

rate. This scheme enforces the formation of rivulets along each flow path.167

2.1.3 Laboratory equipment and materials168

For the percolation experiment, we use a 24-channel laboratory dispenser (Ismatec®
169

IPC High Precision Multichannel Dispenser ISM934C), which has a flow rate precision170

of 0.1 %. The model consists of a planetary drive with automatic occlusion cartridges and171

provides flow rates ranging from 0.002 ml/min at 0.4 rpm to 44 ml/min at 45 rpm. As the172

rotation frequency is well below the frequency of droplet formation, effects of pump pul-173

sation are unlikely to occur. The absolute flow rate is calibrated by an internal pump cal-174

ibration system before each experiment. In addition, we conducted a mass balance study175

using a digital scale to check if flow rates are properly maintained over a longer time pe-176

riod.177

Silicone tube inlets have an outer diameter of �o1 = 3.5 mm (inner diameter of178

�i1 = 1.5 mm) and are attached to an acrylic glass plate via drill holes. PTFA (Teflon®)179

tubes with an outer diameter of �o2 = 1.59 mm (inner diameter of �i2 = 1.0 mm) are180

inserted into the silicone tubes. The top plate is placed onto the upper cubes and slightly181
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offset to allow controlled placement of the PTFA injection tubes evenly distributed across182

the width of the cube. Injection tubes are put into direct contact with the vertical cube183

surfaces to allow immediate capillary contact with the surface.184

The cubes have dimensions of 20 × 20 × 20 cm and are made of clear poly(methyl185

methacrylat) (PMMA). Static contact angles θ0 of the surfaces are 65.16°(±2.91°) and186

were experimentally determined with a contact angle goniometer. Sessile droplets have an187

average volume of 1.74 µL (±0.12 µL). The cubes are custom made with five sides glued188

to the miter, while one side is glued to the butt joint. Corners are polished and blurred on189

all sides, which creates a corner chamfer of 45° with an average length of 0.4 mm (see190

inset of Fig. 2). It should be noted that corners with a chamfer size of less then about191

0.2 mm are used for the experiments. As this is close to the resolution of our simulations,192

the corner chamfers have not been explicitly resolved but are kept at a strict right angle.193

The surface flatness is measured with a dial gauge. Deviations from a reference height194

(taken to be the center of each cube) are taken at 25 positions (5 × 5 grid) on each surface195

of the cubes and three different cubes. The average deviation from the reference plane is196

53.7 µm, and the averaged standard deviation is 19.2 µm.197

Cubes are stacked on top of each other and separated by four metallic distance spac-198

ers with varying thickness df and a diameter of 5 mm. The base of the experimental setup199

consists of a metallic square grill with cell sizes of 5 × 5 × 5 cm and is coated with a hy-200

drophobic lacquer (θ0 ≈ 110°) to maximize flow velocities across the grill. The drip water201

is collected by a digital scale beneath the grill within an accuracy of 0.01 ml. The addi-202

tional travel time from the bottom of the cubes into the drip collector was experimentally203

determined to be below 500 ms and does not significantly influence the overall results.204

Evaporation rates from the collector pan were determined for a constant room tem-205

perature and are accounted for during the experiments. The room is connected to a labora-206

tory air conditioning system with a constant room temperature of 19 ◦C. We measured the207

evaporation rate from the digital scale before every experiment by adding a small amount208

of water onto its surface. Considering that each experimental run takes less than about209

2 min, we corrected the measured mass by this rate. It should be noted that the total evap-210

orated mass accounts for less than about 0.1 % of the total injected mass for each experi-211

mental run.212
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glued to miter glued butt

Figure 2. Laboratory setup and details of the fluid injection setup (right) and the custom-made cubes (left).213

We use distilled water for all experiments. However, fluorescent dye (uranine) was214

added to increase visibility in some of the figures.215

2.2 Numerical Smoothed Particle Hydrodynamics model216

To numerically study the given system, we employ a massively parallel SPH code217

implemented within the LAMMPS (Large-scale atomic/molecular massively parallel sim-218

ulator [Plimpton, 1995; Plimpton et al., 2007; Ganzenmüller et al., 2011]) framework. In219

its original form, LAMMPS has been developed for MD simulations. However, because220

of the similarities between the form of SPH and MD equations (e.g., particle-based flow221

field, link-lists, nearest neighbor search), many features of LAMMPS are also beneficial222

for the SPH implementation in a numerical code. This includes a domain-based decom-223

position of the particle field for efficient message passing interface (MPI) parallelization224

and an adaptive processor allocation, i.e., dynamic load balancing. Specifically, the latter225

feature becomes important when simulations consist of sparsely populated domains (e.g.,226

in the case of free surface fracture flows) to optimize the per-processor particle load. In227

the following, we briefly describe our SPH model. In-depth reviews of the SPH method228

and its various flavors can be found, for example, in Monaghan [1992, 2005], Liu and Liu229

[2000, 2010], and Tartakovsky et al. [2016].230
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2.2.1 Governing equations231

Free surface flow of water in a fracture can be described by the Navier-Stokes (lin-232

ear momentum conservation) equations combining the momentum conservation equation:233

dv
dt
= −
∇P
ρ
+
µ

ρ
∇2v + g (1)

and the continuity equation234

∇ · v = 0 , (2)

subject to the no-slip boundary condition at the fluid-solid interface, Young boundary con-235

dition at the fluid-air-solid interface, and Young-Laplace boundary condition at the fluid-236

gas (water-air) interface [Tartakovsky and Panchenko, 2016]. Here, v is the fluid velocity,237

P is the pressure, µ is the viscosity, ρ is the density, and g is the gravitational accelera-238

tion.239

2.2.2 Overview of the SPH method240

In SPH, a continuous field, e.g., a fluid, is generally discretized with nonuniformly241

distributed “particles.” The term “particle” does not imply a specific shape (i.e., a spheri-242

cal shape), but it must be understood in the sense of a mathematical integration point. De-243

spite this important distinction, particles are associated with a volume and constant mass.244

The particle volume is constant or changes depending on flow being incompressible or245

compressible.246

The SPH approximation of a field variable (e.g., density and velocity) relies on the247

following fundamental integral representation of a continuous field defined over the do-248

main Ω:249

F(r) =
∫
Ω

F(r′)δ(r − r′)dr′ , (3)

where F is a field variable, r is the position vector, and δ is the Dirac delta function. It250

is apparent that an approximation to this formulation is required in a numerical context,251

which is given by252

〈F(r)〉 =
∫
Ω

F(r′)W(|r − r′ |, h)dr′ , (4)

where W is the so-called “interpolation kernel” or “smoothing function” that establishes253

a weighted contribution of F(r′) to 〈F(r)〉 within the support range h from r . The kernel254

function satisfies the following properties: (1) it has the compact support h, that is255

W(|r − r′ |, h) = 0 for |r − r′ | > h , (5)
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(2) it satisfies the unity condition256 ∫
Ω

W(|r − r′ |, h)dr ′ = 1, (6)

and (3) the Dirac delta function behavior can be recovered as257

lim
h→0

W(|r − r′ |, h) = δ(r − r′) . (7)

The shape of the kernel function commonly resembles a Gaussian function. In this work,258

we employ the so-called “Wendland kernel” [Wendland, 1995]:259

W(q, h) = αk


(1 − q)3 0 ≤ q < 1

0 1 ≤ q ,
(8)

where r = |r − r′ |, q = r/h, and αk = 168/(16πh3). The Wendland kernel has been shown260

to have better stability properties than spline function kernels [Dehnen and Aly, 2012],261

which are another popular choice in SPH simulations.262

Equation (4) can be casted into a discrete summation form to obtain the general field263

approximation for a field value at point i:264

〈〈Fi〉〉 =

N∑
j=1

mj

ρj
FjW(|ri − rj |, h) , (9)

where mj is the mass, ρj is the particle density, and N is the total number of particles that265

discretize the domain. Similarly, the gradient of a field value can be easily approximated266

by differentiation of the kernel instead of the function itself so267

〈〈∇Fi〉〉 =

N∑
j=1

mj

ρj
Fj∇W(|ri − rj |, h) . (10)

For simplicity, we drop the double approximation brackets in the following and adopt the268

notation ®�i − ®�j = ®�i j and | ®�i − ®�j | = �i j .269

The SPH particle approximation of fields and spatial derivatives, Eqs. (9) and (10),270

are used to discretize the Navier-Stokes equations. In this work, we use the pairwise force-271

SPH (PF-SPH) method to impose the Young-Laplace and Young boundary conditions272

[Tartakovsky and Panchenko, 2016; Kordilla et al., 2013]:273

mi
dvi
dt
=

N∑
j=1

FP
ij +

N∑
j=1

FV
ij +

N∑
j=1

F I
i j + Fg

i , (11)

where FP
ij is the force between particles i and j resulting from the pressure gradient dis-274

cretization, FV
ij is a viscous force arising from the viscous term discretization, and Fg

i is275
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a body force acting on particle i. In this approach, the solid phase (i.e., the fracture wall)276

is discretized with “solid” particles placed uniformly within distance h from the fluid-solid277

interface. The solid particles are assigned zero velocity, while the density and viscosity278

of water are included in the summations in Eq. (11). The conservative interaction force279

F I
i j is different for interactions between two fluid particles and fluid and solid particles. In280

the following, we describe these components and the additional equations required to time281

integrate the SPH discretization of the Navier-Stokes equation.282

2.2.3 Equation of state283

Incompressible flow equations can be solved with SPH using the projection method284

[Hu and Adams, 2007; Cummins and Rudman, 1999]. To avoid solving the associated Pois-285

son equation for pressure, here we use a weakly compressible SPH scheme that approxi-286

mates an incompressible fluid as a compressible fluid. To do so, we replace Eq. (2) with287

dρ
dt
= −ρ∇ · v , (12)

and close Eqs. (1) and (12) with the equation of state [Monaghan, 2005; Batchelor, 2000]:288

P(ρ) = c2
0
ρ0
7

([
ρ

ρ0

]7
− 1

)
+ P0 , (13)

where ρ0 is the reference water density and P0 is a background pressure. The speed of289

sound c0 is problem dependent and is chosen so that the fluid behaves nearly incompress-290

ible. The ratio |δρ|/ρ ≤ 0.03, where |δρ| is the maximum absolute change in density, has291

proven to be sufficient to model accurate pressure fields [Morris et al., 1997].292

2.2.4 Mass conservation293

The density ρi can be found via an SPH discretization of the continuity (mass con-294

servation) equation, Eq. (12), and the general field approximation, Eq. (9),295

dρi
dt
=

N∑
j=1

mjvi j · êi j
∂W(ri j, h)

∂ri j
, (14)

where êi j = ri j/ri j is the unit vector pointing from particle i to particle j. In this work,296

we use a “kernel summation” instead297

ρi =

N∑
j=1

mjW(ri j, h) , (15)
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to obtain the mass density at each time step. The former option is computationally more298

efficient as the density can be obtained simultaneously with the velocity calculations.299

However, it is known to not exactly conserve mass and requires occasional correction steps300

of the particle densities using Eq. (15) [Monaghan, 2005]. Furthermore, it has not yet301

been shown to produce stable free surface flow dynamics, including the effect of surface302

tension.303

2.2.5 Pressure gradient304

The pressure gradient is commonly casted into a symmetric form [Monaghan, 1982,305

1992]306

FP
ij = mi

(
1
ρ
∇P

)
i

=

N∑
j=1

mimj

(
Pi

ρ2
i

+
Pj

ρ2
j

)
êi j
∂W(ri j, h)

∂ri j
. (16)

Due to its symmetric form, the preceding discretization conserves momentum exactly.307

2.2.6 Viscosity308

The Laplacian in Eq. (1) can theoretically be directly solved by looping twice over309

the particle field [Watkins et al., 1996]. However, as this approach requires about twice the310

computational effort, various alternative approximations have been derived [Monaghan,311

2005; Cleary, 1998]. In this work, we use the form of Morris et al. [1997]312

FV
ij = mi

(
µ

ρ
∇2v

)
i

=

N∑
j=1

mimj

µi + µj

ρiρj

vi j
ri j

∂W(ri j, h)
∂ri j

, (17)

which has been demonstrated to exactly conserve linear momentum.313

2.2.7 Boundary conditions314

In SPH, the no-slip boundary condition at the fluid-solid boundary can be imposed315

by using ghost particles that mirror fluid particles in the direction normal to the nominal316

solid interface [Libersky et al., 1993] or uniformly distributed in the solid phase (i.e., the317

fracture wall) [Morris et al., 1997; Zhu et al., 1999]. These methods require determining318

the ratio of normal distances from fluid and mirror particles to the nominal solid bound-319

ary (the proximity ratio), which becomes challenging for highly irregular surfaces. More-320

over, the computational costs of these methods are high compared to simpler bounce-back321

conditions, as demonstrated by Tartakovsky and Meakin [2006], Tartakovsky et al. [2009]322

and Kordilla et al. [2013]. In this work, we use the method of Morris et al. [1997] com-323
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bined with the proximity ratio determination of Holmes et al. [2011]. To approximate the324

nominal solid-fluid boundary within the diffuse interface region of an irregular surface, a325

state-specific number density is employed:326

nsi,α =
∑

δα,βW(ri,α − rj,β, h) , (18)

where the Kronecker delta is defined as327

δα,β =


1 α = β

0 α , β

(19)

and α and β denote the state of a particle (in the sense of a color function) that can either328

belong to the fluid or solid region. Now, a proximity ratio can be defined as329

φi =
nsi
ni
, (20)

where ni is the actual number density of a particle. For fluid and solid phases separated330

by a flat interface, this ratio is given by331

φi =



0.5 xi = 0

∈ (0.5, 1) 0 < xi < h

1 xi ≥ h

, (21)

where xi is the distance to the nominal surface, which is located at a distance equal to332

half of the interparticle spacing ∆x = (m/ρ)1/3 normal to the interface. To enforce a no-333

slip boundary condition, we return fluid particles along the normal to the fluid interface334

back into the flow domain once these particles penetrate the boundary, i.e., for φi < 0.5.335

The surface normals are calculated using a color function:336

ci =
N∑
j=1

mj

ρj
ψjW(ri j, h) , (22)

where ψj = 1 for fluid particles and zero for solid particles, such that the surface normals337

can be obtained from the gradient338

ŝi = ∇ci . (23)

Particles that penetrate the boundary are returned along the normal direction by a distance339

∆d proportional to the proximity ratio and have their velocity set to zero:340

∆d = β∆x(1 −
φi
0.5
) , (24)

where we have found β = 1.0 affords the best results for various values of surface tension341

and wall geometries. As noted in Holmes et al. [2011], the determination of the state num-342

ber density via Eq. (18) may be subject to a slight error because of the kernel truncation343
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at the free surface. As such, higher values of β may be necessary to avoid penetration.344

The bounce-back condition is only activated when fluid particles initially come into con-345

tact with a solid boundary and fluid-solid interaction forces create a strong acceleration346

toward the solid wall. Generally, the forces created by the pressure gradient and repulsive347

part of the interaction in Eq. (11) are sufficient to keep particles from penetrating the wall348

boundaries. In addition, we extrapolate the smoothed fluid particle velocities to the adja-349

cent boundary particles [Adami et al., 2012]:350

vi = −
∑

j vjW(ri j, h)∑
j W(ri j, h)

, (25)

such that in the absence of moving wall particles, the viscous interaction in Eq. (11) im-351

poses a no-slip boundary condition. Solid walls consist of three layers of particles for W352

to satisfy the unity condition in Eq. (6) when fluid particles interact with the boundary353

particles.354

2.2.8 Surface tension and contact angle355

The force FI
i j is constructed from two superposed cubic spline functions [Kordilla356

et al., 2013] of the form357

W(q, h) = αk


1 −

3
2
(q)2 +

3
4
(q)3 0 ≤ q < 1

1
4
(2 − q)3 1 ≤ q < 2

0 2 ≤ q ,

(26)

where q = 2r/h, such that358

FI
i j = s

[
AW1(ri j, h1) − BW2(ri j, h2)

]
êi j . (27)

Here, A = (h1/h2)
3 = 8, B = 1, h1 = h, h2/h1 = 2, and αk = 1/πh3 to satisfy the unity359

condition. The force strength coefficient s is set to s f f for interaction between two fluid360

particles and ss f for interaction between fluid and solid particles. For the fluid to be wet-361

ting, s f f should be smaller than ss f . The surface tension can be calculated by employing362

the Young-Laplace law and the virial theorem to obtain the virial pressure [Tartakovsky363

and Meakin, 2005a; Kordilla et al., 2013], and the contact angle can be measured from364

simulating a droplet on a flat solid surface. As recently demonstrated by Tartakovsky and365

Panchenko [2016], the surface tension and contact angle can also be analytically computed366

for any given shape of the interaction force. The presented formulation of SPH has several367

advantages for modeling free surface flows and contact angle dynamics: (1) it does not368
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require tracking the liquid-air and liquid-air-solid interfaces, and the interfaces “advance”369

with SPH particles; (2) the surface tension and contact angle are imposed via summation370

of FI
i j , i.e., there is no need to directly impose the Young-Laplace law, which requires371

estimation of normals and curvatures; (3) unlike multiphase models based on level Set,372

phase Field, and volume of fluid methods, SPH does not require explicit modeling of the373

air phase, which is not necessary when the air phase is continuous, resulting in a signif-374

icant computational cost reduction; and (4) it accurately models both static and dynamic375

contact angles [Kordilla et al., 2013; Tartakovsky and Panchenko, 2016] without defining376

empirical relationships between the contact angle and contact line velocity.377

2.2.9 Time integration378

Equation (11) is integrated using a modified Velocity Verlet time-stepping scheme379

[Ganzenmüller et al., 2011]. Noting that380

dri
dt
= vi and ai =

fi
mi

, (28)

where ai is the acceleration. The time-stepping scheme is given as

vi(t + 1
2∆t) = vi + 1

2 ai(t), (29a)

v̄i(t + ∆t) = vi(t) + ∆tai, (29b)

ri(t + ∆t) = ri(t) + ∆tvi(t + 1
2∆t) (29c)

vi(t + ∆t) = vi(t + 1
2∆t) +

1
2

ai(t + ∆t) . (29d)

After the calculation of new positions ri(t + ∆t), the extrapolated velocity v̄i is used to

compute the new particle acceleration ai(t + ∆t). Time step constraints are given by Tar-

takovsky and Meakin [2005a]:

∆t ≤ 0.25h/3c (30)

∆t ≤ 0.25min(h/3 | ai |)1/2 (31)

∆t ≤ min(ρih2/9µi), (32)

where | ai | is the magnitude of acceleration ai .381
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2.2.10 Model initialization382

To initialize simulations, particles are placed on a grid with lattice size ∆x. The ker-383

nel support is then computed as384

h = N1/3
∆x , (33)

and the particle mass is set to385

m = ρ0h3/N . (34)

In this case, the number density, i.e., the amount of particles within a volume h3, is de-386

fined as387

n =
N
h3 . (35)

In our model, we set N = 40, which was shown to yield sufficient numerical accuracy388

for free surface flows, including the effect of pairwise interaction forces [Tartakovsky and389

Meakin, 2005a,b; Kordilla et al., 2013]. It should be noted that some SPH parameters390

(ss f , s f f , c0) are resolution dependent as the mass of a single particle scales with the par-391

ticle spacing as m = ρ0∆x3 (in a three-dimensional system). However, the resulting fluids392

have bulk properties of water, independent of the chosen resolution.393

3 Validation of the SPH code394

To validate our code three experiments are carried out. First, we validate the code397

against an analytical solution for the droplet height. Then, we validate the code against398

experimental data for flow regime transitions, and, finally, we compare numerical and ex-399

perimental data for the droplet dynamics at fracture intersections. Table 1 provides a list400

of the input parameters used for the simulations in this section and the following results401

section. The simulated fluid for all simulations is water at a temperature of 20 ◦C and sur-402

face tension σ = 0.072 kgs−2. In all simulations, the viscosity is µ = 0.001 kgm−1s−1, and403

the solid reference density is ρs,0 = 1000.0 kgm−3.404

3.1 Droplet height405

The PF-SPH model with the bounce-back boundary condition has been validated406

under both dynamic and static conditions [Kordilla et al., 2013; Tartakovsky and Meakin,407

2005b; Tartakovsky and Panchenko, 2016]). Here, we present a numerical experiment to408

determine maximum droplet heights and compare it with an analytical solution to validate409

the PF-SPH model with the modified boundary condition. We model water at 20 ◦C at410
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Table 1. Parameters used in the simulations at each resolution. Additional constant parameters are intro-

duced in the beginning of this section.

395

396

∆x ρ f ,0 s f f ss f c0

(m) (kgm−3) (kg m s−2) (kg m s−2) (m s−1)

5.0 × 10−5 950.0 2.0 × 10−7 1.25 × 10−7 18.0

1.0 × 10−4 950.0 6.5 × 10−6 2.0 × 10−6 4.0

2.0 × 10−4 930.0 1.3 × 10−5 4.0 × 10−6 2.5

3.0 × 10−4 930.0 2.0 × 10−5 6.0 × 10−6 2.0

4.0 × 10−4 930.0 2.5 × 10−5 7.0 × 10−6 1.75

5.0 × 10−4 930.0 3.0 × 10−5 8.0 × 10−6 1.5

three different resolutions ∆x = 1.0 × 10−4 m, ∆x = 2.0 × 10−4 m, and ∆x = 5.0 × 10−4 m.411

Table. 1 features the corresponding paramters for all cases. In all simulations, the fluid412

viscosity is set to µ = 0.001 kgm−1s−1, and the surface tension is σ = 0.072 kgs−2.413

Sessile droplets assume a spherical cap shape when their radius r is small compared414

to the capillary length415

λc =

√
σ

ρg
, (36)

i.e., r � λc , whereas larger droplets tend to be flattened by gravitational effects that limit416

the maximum height hmax . The maximum height can be approximated by [de Gennes,417

1985]:418

hmax = 2λcsin
(
θ0
2

)
, (37)

where θ0 is the static contact angle between the fluid and solid surface. Figure 3 (left)424

shows the maximum droplet height obtained for three different resolutions of our SPH425

model versus the droplet width. At both coarser resolutions, we obtain a good conver-426

gence to the theoretical solution. For the lower limit, when the droplet width approaches427

the capillary length of water, a constant height-to-width ratio can be recovered in accor-428

dance with spherical cap theory [Harris and Stocker, 1999] (Fig. 3, right).429

3.2 Flow regime transitions430

To validate the SPH model for a complex flow setting, we conduct a series of labo-431

ratory experiments to determine prevailing flow modes for various flow rates ranging from432
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Figure 3. Droplet heights h for three resolutions and several droplet radii in terms of their width w (left).

Droplets with a radius much larger than the capillary length are flattened by the effect of gravity and establish

a maximum height, i.e., form fluid puddles. For smaller droplet sizes, approaching the capillary length of wa-

ter, a constant ratio of width to droplet height can be recovered in agreement with spherical cap theory (right).

Shaded areas represent the standard deviation assuming an error of ±2.5° for the contact angle measurement.

419

420

421

422

423

1.5–4.5 mL min−1 at different resolutions on a smooth vertical surface. For the given fluid-433

solid combination, the whole spectrum of flow modes (droplets, mixed droplets/rivulet,434

rivulets) can be observed (Figure 4). Due to environmental “noise,” such as slight im-435

purities on the PMMA surfaces and/or tiny air pressure or flow rate variations [Dragila436

and Weisbrod, 2004; Wood and Huang, 2015], it is nearly impossible to establish a per-437

fect droplet regime, i.e., a stream of individual droplets moving at the exact same velocity438

down the surface. Such interferences commonly induce mixed flow regimes, e.g., merging439

droplets that temporarily form partial rivulets or larger droplets traveling at high velocities440

and emitting smaller droplets.441

While the transition to full rivulet flow can be easily determined (a continuous stream442

is established), the intermediate regimes are rather difficult to compare quantitatively un-443

der such conditions. The final transition from droplet flow mode to constant rivulet flow444

mode is found to be at about 3.15 mL min−1 (±0.25 mL min−1) for the laboratory experi-445

ments and at 3.0 mL min−1 for the SPH simulations. Six different resolutions (∆x = 50,446

100, 200, 300, 400 and 500 µm) with parameters given in Table 1 are tested, and conver-447

gence is approximately found at a resolution of ∆x = 100 µm. For lower resolutions, the448
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ments.

452

453

454

transition to rivulet flow occurs at slightly higher flow rates. Depending on the resolution,449

the thickness of the rivulets in terms of particle numbers ranges from 51 at the highest450

resolution to about 6 particles at the lowest resolution.451

Figure 5 shows a qualitative comparison of our SPH model for three different flow460

rates. All three cases (droplet mode, droplet-rivulet transition, and rivulet mode) are cor-461

rectly reproduced by the model.462

Flow regime transitions between the droplet and rivulet regime are reasonably well463

reproduced by the SPH model at a minimum resolution of ∆x = 1.0 × 10−4. Furthermore,464

the model can reproduce the transitional regime, which requires resolving the singularity465

at droplet tails and/or merging interfaces. This process arises naturally in our SPH for-466

mulation and is required to fully understand the dependence of partitioning dynamics on467
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Figure 5. Flow mode transitions observed in the laboratory and corresponding SPH simulations.

(Left) Droplet mode at 1.5 mL min−1, (middle) transition zone from droplet to full rivulet flow mode at

2.5 mL min−1, and (right) constant rivulet mode at 4.5 mL min−1. Note the difference in scale between sim-

ulations and experiments. Rivulets and droplets have an average thickness of 16 particles and 24 particles,

respectively.

455

456

457

458

459
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flow modes at fracture intersections. Theoretically, a sharp transition between droplet and468

rivulet flow modes should occur [Hasseine et al., 2011]. In both the laboratory experi-469

ments and SPH simulations, a transition range of mixed flow modes can be detected. This470

transition range is slightly smaller in the numerical experiments, as there is no influence471

of the environmental noise present in the lab experiments. However, it should be noted472

that even SPH simulations suffer from a certain noise component. Particles are injected473

randomly within a small injection region. Given a constant random seed for the random474

number generator, they are reproducible. However, they are not perfectly symmetric. This475

may prevent the formation of perfect, equally-sized droplet trains.476

3.3 Droplet dynamics at a horizontal fracture intersection477

To validate the model under dynamic conditions, we investigate the behavior of in-478

dividual sliding droplets across a fracture intersection. Droplets are expected to exhibit a479

fractionation or partitioning behavior at the intersection. They may not wholly or partially480

(i.e., leave behind some fluid mass in the horizontal fracture) bypass the fracture. The ex-481

perimental setup for this validation study is similar to the one depicted in Figure 2, except482

for the inlet, which is now placed at a distance of 5 cm above the horizontal fracture. This483

distance is sufficient for droplets to reach constant velocity before encountering the frac-484

ture. Droplets are manually placed on the vertical surface with an Eppendorf pipette.485

The droplet volume Vd and fracture aperture are varied during the experiment, where486

Vd = 25, 30, 35, 40, 45 and 50 µl and df = 0.35, 0.7, 1.0, 1.4, 2.0 and 2.5 mm. For487

each combination, we conduct 10 experiments to account for environmental noise, slight488

changes during the injection process, and potential impurities on the surfaces. To quantify489

the fractionation behavior at the fracture intersection, we distinguish between two cases:490

(1) droplets bypass the intersection and exhibit ongoing movement, where some fluid mass491

may get trapped within the fracture, or (2) droplets are stuck at or within the fracture in-492

tersection. In certain cases, fluid may slightly bypass the fracture but not show any ongo-493

ing movement on the lower vertical surface. Such cases are counted as “stuck.” Figure 6494

illustrates the described cases as simulated by our code, where only case (a) is counted495

as a bypass. For each parameter combination, we run one simulation at a resolution of496

∆x = 1.0 × 10−4 m and parameters given in Table 1. Droplets consist of 27.000 to 54.872497

particles with an average thickness of 22 to 29 particles.498
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a b c d

Figure 6. General cases of the fractionation process: (a) Full bypass of a droplet and ongoing movement.

(b) Bypass with or without snapping of the droplet but no ongoing movement. (c) Droplets are stuck and

may partially move into the fracture along the upper fracture wall. (d) Sequence of three frames. No bypass

occurs. Droplets establish a connection to both fracture walls and are fully trapped within the fracture by

capillary forces.

508

509

510

511

512

Figure 7 shows the results of the laboratory experiments and SPH simulations. Gen-499

erally, good agreement is observed. The laboratory experiments exhibit a transition re-500

gion where only some droplets bypass the fracture. We conduct only one simulation for501

each case, and our numerical results cannot exactly describe the transition zone. How-502

ever, in the simulations, we distinguish a third case (see Fig. 6b), where a droplet partially503

bypasses the fracture but does not show any ongoing movement. This case occurs only504

within the transition region, where such behavior is to be expected. Droplet heights (nor-505

mal to the vertical surface) have been measured experimentally and yielded a maximum of506

around 2.47 mm, which is close to the aperture of the horizontal fracture.507

We find a good agreement between SPH simulations and laboratory experiments.518

The setup allows a well-controlled droplet size in contrast to the highly dynamic single-519
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Figure 7. Experimental results are shown as contours. For each combination of fracture aperture df and

droplet volume Vd , 10 experiments are carried out. Colors are mapped to the ratio of bypassing and total

droplets, where red = 1 and blue = 0. For each combination, one simulation is run, where red markers indicate

bypass, blue markers trapped droplets, and white markers a case of partial bypass (but no further movement;

see also Figure 6b).

513

514

515

516

517

24



and multi-inlet experiments, where a complex and erratic combination of droplet sizes520

and shapes (mixed droplet-rivulet shapes, e.g., elongated droplets) characterizes the tran-521

sient flow field. The experiment demonstrate that single droplets, independent of the in-522

vestigated size, are unlikely to bypass the fracture for fracture apertures above ∼2.0 mm.523

This result is somewhat surprising as transient flow experiments in Section 4.2 (horizontal524

fracture aperture of 2.5 mm) reveal that droplet-regime-dominated flows possess a strong525

bypass capacity, specifically during the early stages of the experiment, when the hori-526

zontal fracture is still dry. This indicates that the effects of dynamic droplet merging and527

consequently the intermediate formation of larger droplets (also referred to as "snapping528

rivulets," e.g., Dragila and Weisbrod [2003]) are an important aspect of the partitioning529

dynamics, which are not reflected in this experiment.530

4 Results531

In this section, we present the numerical and experimental results of droplet and532

rivulet flow partitioning in a single fracture. As described in Sec. 2.1 we first investigate533

the partitioning dynamics for a single inlet to elucidate the relation between flow regime534

and flow partitioning. Then, we study a multi-inlet system to obtain an integrated view of535

the flow partitioning, which can be compared to analytical and numerical estimates. These536

results are discussed in the following section.537

4.1 Single-inlet partitioning dynamics538

Figure 8 shows the ratio of bypassing fluid mass Mb versus total injected mass M539

after 90 s. It is apparent that at flow rates of 3.0 mL min−1 or higher, nearly no fluid by-540

passes the horizontal fracture (until it is fully wetted). At lower flow rates, the likelihood541

of bypass increases. On the other hand, in the transition zone between full droplet and542

rivulet mode, the experiments exhibit a rather high variance with an increasing average543

value for decreasing flow rates. Considering the complex pattern of droplet splitting, coa-544

lescence, and temporary rivulet formation, this is to be expected.545

While these results already highlight the importance of flow modes for percolation546

dynamics through fracture networks, the high variance of the results, especially for lower547

flow rates in the droplet flow regime (see Wood and Huang [2015]), makes it difficult to548

compare results to simulation data and obtain an analytical solution. Therefore, in the fol-549
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Figure 8. Ratio of bypass mass versus total fluid mass after 90 s for a single-inlet experiment. Blue line =

mean of 10 experiments at each flow rate. Shaded area = standard deviation. The partitioning behavior at the

fracture intersection can be clearly linked to the occurrence of flow modes on the vertical surfaces. For rivulet

flows, nearly all injected water is stored in the horizontal fracture. In the droplet flow regime, water predomi-

nantly bypasses the fracture. While in the droplet-rivulet transition zone an increase of bypass efficiency with

increasing droplet count (or decreasing rivulet amount) is observed.

552

553

554

555

556

557

lowing section, we extend our laboratory experiments and SPH simulations to include a550

larger number of inlets.551

4.2 Multi-inlet partitioning dynamics558

Figures 10 and 11 show the qualitative results of the laboratory experiments and the559

corresponding SPH simulations. The numerical simulations are setup with an interparticle560

spacing of ∆x = 500 µm (parameters given in Tab. 1) and consist of approximately three561
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Figure 9. Droplet mode (left) and rivulet regime (right) for different total flow rates. To keep the same

total flow rate in both experiments and establish stable rivulets, the number of inlets is reduced in the final

experiments (i.e., the flow rate per inlet is increased). Dye was added for better visibility.

571

572

573

million particles. Individual flowing droplets consist of about 200 to 750 particles with a562

thickness between 4 to 8 particles.563

Figure 12 shows the fluid mass accumulation over time for the laboratory experi-564

ments and SPH simulations. For each injection scenario (droplet versus rivulet), we carry565

out 20 experiments and take the ensemble average. The SPH simulations are in good566

agreement with the averaged experimental results — except for a transition period of about567

50 s, where simulated mass accumulation is within one standard deviation from the aver-568

aged mass accumulation observed in the experiments and always within the maximum and569

minimum of experimentally observed values.570
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Figure 10. Top view of the laboratory experiment with droplet flow (top) and the SPH simulations (bot-

tom).

574

575
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velocity (m/s)

0 0.15 0.3 0.45 0.6

Figure 11. Frontal view of a point-wise injection simulation at a resolution of ∆x = 5.0 × 10−4 m and about

three million particles. The inset shows a detailed view of droplet trails. At the chosen resolution, flowing

droplets are resolved by an average of 200 to 750 particles and have a thickness of 4 to 8 particles.
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maximum and minimum hull for the droplet regime experiments. Droplet regime experiments exhibit an
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5 Discussion584

In the following, we discuss the experimental outcomes reported in the previous sec-585

tion. Special attention is paid to understanding of global or bulk dynamics in the context586

of multi-inlet dynamics, and an analytical solution based on the Washburn equation is pre-587

sented to cast results into a physical framework. Finally, we discuss possible deviations588

from natural systems due to the simplified conceptual model.589

5.1 Single-inlet partitioning dynamics590

While the previously discussed experiments mainly serve as a validation base for591

our code, the complex transient laboratory experiments (Section 4) provide a basis for592

better understanding of bulk behavior. The single-inlet experiments indicate a clear de-593

pendence of the partitioning dynamics at fracture intersections on the flow mode after a594

duration of 90 s. At high flow rates, well within the rivulet dominated regime, bypass rates595

reach a minimum (accompanied by very low variance in experimental outcomes). This596

can be explained by the lower height of rivulets (normal to the vertical surface) compared597

to droplets, which prevents gravitational movement across the fracture aperture. Instead,598

rivulets that arrive at the fracture intersection directly move horizontally into the fracture,599

where the initial contact is established along the upper horizontal fracture wall, and in600

most cases, immediately followed by contact with the lower horizontal wall. Slight over-601

shoots can be observed for rivulets as well (Fig. 6b). However, because of capillary drag602

on the (infinite) rivulet tail by the fracture, these are nearly always pulled back into the603

fracture. For decreasing flow rates, i.e., within the transition range between droplet and604

rivulets, we observe a constant increase in bypass rates, owing to the increased number605

of individual droplets that are emitted either directly at the injection inlet or at the tail of606

larger droplets (slugs) and are able to bypass the fracture. For the given setup, the maxi-607

mum bypass rate is established when the flow mode switches to pure droplets. Here, the608

stream consists entirely of droplets, which may temporarily merge with low Bond num-609

ber droplets stuck on the surface and thus exceed the critical volumes required to bypass610

the fracture. The single-inlet experiments mainly provide qualitative insight into the par-611

titioning behavior. However, because of the long timescales required to reach equilibrium612

conditions and the rather high variance, they are not suitable to investigate the bulk system613

response.614
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5.2 Multi-inlet partitioning dynamics615

The multi-inlet experiments provide a much better view of the global bulk dynam-616

ics. While we employ both injection schemes in the laboratory, SPH simulations are only617

carried out for the case of a droplet flow regime. As demonstrated in Section 3.2, a res-618

olution of ∆x = 100 µm is required to sustain stable rivulets. At this resolution, simu-619

lations of flow with multiple injection points will consist of ∼0.5 billion particles. While620

our computational resources are sufficient to run the code on several thousand cores, for621

such high resolutions, the increasing constraints on the time step caused by the compress-622

ibility criteria and the choice of speed of sound (see Eq. 30) would aggravate or render623

absolute simulation times t > 100 s impossible. Therefore, multi-inlet SPH simulations624

are conducted only for the case of point injections, where flow is dominated by individual625

droplets.626

As demonstrated in Section 4.1 and discussed before, the main difference between627

both flow regimes (rivulet and droplet) in terms of partitioning behavior, can be attributed628

to the bypass efficiency of the prevailing flow mode. For rivulet regime experiments and629

simulations, the initial fluid mass is almost entirely stored within the horizontal fracture630

until a critical threshold is reached at about 30 s (see Fig. 12). Then, fluid reaches the sys-631

tem outlet at an increasing rate until an equilibrium is reached, i.e., the horizontal fracture632

is completely filled. Droplet flows have an earlier arrival time because, initially, the hori-633

zontal fracture is easily bypassed, which is consistent with the single-inlet experiments. At634

about 15 s, the efficiency temporarily drops until at about 90 s when a transition to equilib-635

rium state is initiated.636

To quantitatively analyze the flow partitioning and flow dynamics, we consider the637

mass flux into the horizontal fracture. Thus, we recall that the total injected fluid mass is638

M(t) = Q0t, (38)

where Q0 (L3 T−1) is the volumetric flow rate and t is the time. From the previous ex-639

periments, it is apparent that the horizontal fracture acts as a buffer, i.e., the fluid mass is640

partitioned between two components641

M(t) = Mf (t) + Mb(t), (39)
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where Mf is the fluid mass within the horizontal fracture and Mb refers to the fluid mass642

that bypasses the fracture. The total volumetric flow rate then becomes643

dM(t)
dt

= Q0 =
dMf (t)

dt
+

dMb(t)
dt

. (40)

Thus, the volumetric flow rate into the fracture is644

Q f (t) ≡
dMf (t)

dt
= Q0 −

dMb(t)
dt

. (41)

Figure 13 illustrates the normalized flow rate Q f /Q0 in the fracture for the rivulet- and645

droplet-dominated flow conditions. The experimental data for the rivulet flow indicate that646

in the early penetration phase, water creeps along the horizontal fracture walls, reflected647

by the increase in the flux into the fracture. At around 10 s, the flux becomes constant648

and is essentially equal to the applied water flux. Then, at around 20 s, the flux decreases649

slowly until t ≈ 60 s, after which it decreases exponentially fast. The slow decrease in the650

time window between t = 20 s and 60 s can be understood as a Washburn flow regime651

[Washburn, 1921] that starts once a coherent water front has been established.652

We observe similar behavior for the droplet-dominated experiments, where the ini-653

tial filling of the fracture cannot be simply approximated by plug flow. Initially, the front654

emerges as isolated “puddles” (see Fig. 10 , t = 5 s), and the initial filling rate depends655

on the merging rate of these puddles. As in the rivulet flow regime, once a continuous656

fluid front is established, the force balance at the fracture intersection is influenced by the657

strong capillary drag of the fluid into the horizontal fracture, and the gravity-driven bypass658

of droplets is impeded. Similar to the rivulet-dominated flow experiments, we observe a659

Washburn-type flow regime, which is characterized by a
√

t advance of the fluid front.660

When a continuous fluid front is established in the fracture, flow is dominated by661

capillary forces. Following Washburn [1921], a Poiseuille flow develops between the frac-662

ture planes that is driven by the capillary pressure drop over the penetration length l(t).663

The pressure gradient decreases as the front moves into the fracture [Washburn, 1921;664

Alava et al., 2004]. Thus, combining Poiseuille’s law for a planar fracture with the expres-665

sion for the differential fluid volume in the element of length dl(t) gives the length l(t) of666

the invading water front667

dl(t)
dt
=

cf
l(t)

. (42)

The constant cf can be defined by668

cf =
∆Pc

µ

d2
f

4
, (43)
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where df is the fracture aperture and the capillary pressure ∆Pc is given by669

∆P =
2σcos(θ)

df
. (44)

The solution of Eq. (42) for the initial length l(t = t0) = l0 gives

l(t) =
√

l2
0 + 2cf (t − t0). (45)

For a uniformly advancing front, the fluid mass within the fracture is Mf (t) = Af l(t),

where Af is the cross-sectional area of the fracture. Thus, the flow rate into the fracture

can be obtained according to Eq. (41)

Q f (t) = Af
dl(t)

dt
=

Q0√
1 + 2k f (t − t0)

, (46)

where we set Af cf /l0 = Q0 and k f = cf /l2
0 . This expression gives the characteristic t−1/2

670

behavior indicated by the solid black line in Figure 13.671

5.3 Experimental and conceptual limitations676

To isolate the fundamental processes and decrease the variance of experimental out-677

comes, it is often necessary to design simplified models of natural systems. Our exper-678

imental setup deviates from true geological systems in several aspects, such as it uses679

flat surfaces. Natural fractures have a roughness that develops over several length scales680

[Bouchaud, 1997; Ponson et al., 2006], ranging from macro-roughness (in a sense of a681

tortuosity) to micro-roughness, which may even invalidate using macroscopically defined682

contact angle models or classical no-slip boundary conditions (e.g., in the case of a Lotus-683

effect-like roughness). While the chosen contact angle of about 65° is within the range of684

(a limited selection) of literature values between 23° and 70° Su et al. [1999]; Sobolev685

et al. [2000]; Tokunaga and Wan [2001]; Su et al. [2001], it is most likely at the upper686

range of contact angles.687

The setup geometry obviously favors the conceptual idea of wide vertical apertures688

intersected by sub-vertical fractures. While we have not investigated the effect of changing689

fracture topology and/or fracture aperture, these are likely to affect results. In the follow-690

ing, we discuss possible effects of: (1) different apertures, (2) different angles, and (3)691

fracture roughness. As demonstrated in Section 3.3, the horizontal fracture aperture pre-692

vents bypass of single droplets nearly entirely for apertures above 2.0 mm. In contrast,693

for the transient single- and multi-inlet dynamics, a stronger bypass of droplets is ob-694

served due to dynamic emittance, the merging and consequently temporary formation of695
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large elongated droplets, even for an aperture of 2.5 mm. For smaller horizontal fracture696

apertures, the bypass efficiency will increase. At the same time, the fracture volume and697

capillary drag increases, so the effect on the onset of the Washburn regime (at time t0) is698

ambiguous. Further experiments would be required to clarify this behavior. The (infinite)699

aperture of the vertical fracture in our setup allows the formation of gravity-driven free700

surface flows (droplets, rivulets, wavy films). A lower aperture limit, at which a capillary701

bridge to an opposing fracture wall can be established, depends on various parameters,702

such as (dynamic) contact angles, Capillary-Bond number scaling relationships [Podgorski703

et al., 2001], and fluid properties as these control the thickness of prevailing flow modes.704

Given a capillary connectivity to a second fracture wall, the impact of gravitational forces705

will obviously decrease and the force balance will switch to a capillary-dominated regime706

for fracture apertures below about 0.7 mm [Wood et al., 2005]. In this case, the efficiency707

of the horizontal fracture to store water will increase because of the decrease in vertical708

flow velocities.709

The orientation of the fractures (both horizontal and vertical) influences the parti-710

tioning dynamics but should also be discussed in terms of bulk behavior, for example, in711

the context of fracture network connectivity and percolation. The orientation of the ver-712

tical fracture surface affects the bypass dynamics, mainly because of the change in flow713

velocities. In terms of dimensionless characterization, it is often assumed that scaling rela-714

tionships in the form of715

Ca ∼ Bo · sin(αs) − ∆θ (47)

hold for the simple case of droplet dynamics [Podgorski et al., 2001; Ghezzehei, 2004; Or,716

2008; Kordilla et al., 2013], where the capillary number Ca is defined as717

Ca =
µv

σ
(48)

and the Bond number Bo as718

Bo =
V2/3ρg

σ
. (49)

Here, αs is the inclination angle from the horizontal plane, ∆θ controls the lower limit of719

Bo · sin(αs) under which droplets remain sessile, and V is the droplet volume. It is in-720

ferred that droplets assume a spherical cap shape, such that a change in surface orientation721

is equivalent to a change in Bond number, i.e., droplet size. While we have not provided722

a dimensionless analysis of the single droplet dynamics at a fracture intersection, the pre-723
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ceding relationships may provide a solid base to relate bypass dynamics to the geometrical724

properties of the fracture and wetting properties of the fluid-solid system.725

The orientation of the horizontal fracture can be discussed in a similar fashion as for726

the previous case. A rotation toward the vertical fracture will induce additional gravita-727

tional drag on fluid entering the horizontal fracture, i.e., the capacity to store and release728

fluid will be limited and the Washburn regime may not even be established. However, a729

counterclockwise rotation will not only increase the imbibition efficiency but may also in-730

troduce an outlet condition, such that water may leave the horizontal fracture into a differ-731

ent vertical fracture. This second case introduces a completely different conceptual base,732

in a sense that the horizontal fracture will not act as limited storage, which ultimately al-733

ways returns flow into the injection fracture.734

Despite careful preparation of the laboratory equipment, the experiments may be735

affected by impurities and environmental noise. We cannot rule out that the synthetic sur-736

faces have microscopic impurities, which may cause tiny fluctuations in the flow field and737

consequently erratic flow dynamics, specifically in the case of droplet flows. While Drag-738

ila and Weisbrod [2003] noticed that air pressure fluctuations have influenced the forma-739

tion of droplet and rivulet modes, we have found no clear dependence on the air pres-740

sure in our experiments over the course of one month and a pressure range of 1000 to741

1035 mbars. Our laboratory setup consists of very small 1-mm diameter injection tubes.742

We initially conducted experiments with slightly thicker injection inlets, which promote743

stronger formation of capillary droplets around the injection tube. This behavior relates744

to the work of Or and Ghezzehei [2000] who investigated dripping dynamics in cavities745

and found that the variations in experiments stem from the varied sizes of the injected746

droplets.747

6 Summary and conclusions748

Flow through unsaturated fractured systems strongly deviates from capillary-driven749

flow dynamics and is dominated by gravitational forces for high aperture fractures. Within750

the context of preferential flow dynamics, sub-horizontal wide aperture fractures form751

highly effective pathways intersected by horizontal fractures, which act as integrators with752

respect to the uptake and release of water [Wood et al., 2002] and often create a (tempo-753

rary) capillary barrier [Ji et al., 2006; Wood et al., 2005]. The partitioning dynamics at754
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these intersections is still poorly understood and influenced by a diverse range of boundary755

conditions.756

In this work, we study unsaturated flow dynamics in a wide aperture system, com-757

posed of vertical open surface intersected by a wide aperture (2.5 mm) horizontal fracture,758

using a combination of numerical simulations, laboratory experiments, and an analytical759

approach.760

We demonstrate that our three-dimensional SPH code is capable of simulating the761

challenging free surface flow dynamics, including effects of surface tension, on several762

hundreds of processors. The code is validated by comparison with analytical solutions and763

laboratory experiments, which cover a variety of flow modes that may occur in unsatu-764

rated fractures.765

In accordance with previous studies, the horizontal fracture may act as a capillary766

barrier of varying efficiency, which stores and releases water. Our experiments highlight767

the flow-mode-dependent (droplet, rivulet, mixed-mode) behavior of the non-equilibrium768

partitioning dynamics at the fracture intersection until steady-state flow is established.769

Droplet-dominated flows enhance the bypass efficiency at the fracture intersection,770

while rivulet flows produce a stronger buffering (uptake) of fluid within the horizontal771

fracture. For both cases, a temporary existence of a Washburn-type regime within the hor-772

izontal fracture is observed in the laboratory and numerical experiments and is described773

by an analytical solution. In the case of rivulet flow, the onset of this regime is preceded774

by a period of plug flow into the fracture with nearly no bypass occurring. For droplet775

flows, the initial filling slowly increases until a closed fluid front at the horizontal fracture776

inlet is established from individual, radially evolving imbibition spots, which then pene-777

trate the fracture as a quasi-straight front.778

In both cases, departure from the Washburn-type regime is observed when the neg-779

ative fluid pressure, forcing fluid into the horizontal fracture, declines, and the fracture fi-780

nally is fully saturated. While the existence of the Washburn regime is obvious, the times781

of onset and departure can be clearly linked to the specific flow mode and may be useful782

to obtain global system dynamics, which incorporates classical flow processes. However,783

additional studies are required to determine the exact relationships between system geome-784

try (aperture), flow mode, and the transition times between these regimes.785
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The studied setup can be expected to represent the extreme end member in terms of786

aperture dimension and consequently flow velocities of natural fractured systems. Fracture787

apertures studied in our work are less likely to appear in high numbers and also are at the788

far end of classical aperture distributions. However, they may substantially contribute to789

the formation of preferential pathways (e.g., in karst systems where additional solution has790

increased apertures). As such, they may play a vital role for example, in the context of791

percolation cluster studies [Berkowitz and Adler, 1998; Adler et al., 2012].792

Notation793

α color function particle state794

αk kernel normalization constant795

ai particle acceleration796

A interaction force kernel constant797

β color function particle state798

B interaction force kernel constant799

Bo Bond number800

Ca capillary number801

c0 speed of sound802

ci(·) particle color function803

δ(·) Dirac delta function804

δα,β(·) Kronecker delta function for the color function evaluation805

∆d bounce-back distance806

êi j unit vector pointing from particle i to particle j807

ε equation of state constant808

F force809

Fg
i gravitational force acting on a particle810

F I
i j interaction force acting between two different particles811

FP
ij force due to a pressure gradient between two particles812

FV
ij viscous force acting between two particles813

g gravitational acceleration814

γ equation of state scaling coefficient815

h kernel support range816
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i particle index817

j particle index818

m mass819

µ viscosity820

∇ nabla function821

n number density822

ns
i state-specific number density for the color function823

N number of particles824

∇2 Laplacian825

Ω continuous domain826

P pressure827

P0 background pressure828

∂ partial derivative829

φ proximity ratio for the bounce-back condition830

ψ particle state for the surface normal calculation831

q relative interparticle distance with respect to the kernel support range832

r interparticle distance833

ρ density834

ρ0 equilibrium reference density835

σ surface tension836

s f f fluid-fluid particle interaction force strength837

ssf solid-fluid particle interaction force strength838

ŝi surface normal839

t time840

v velocity841

v̄i extrapolated velocity842

∆V particle volume843

W (·) kernel function844

W1(·) interaction force kernel function845

W2(·) interaction force kernel function846

x particle position847

∆x equilibrium interparticle spacing848
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